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1 Models and pathwise constructions
1.1 Spike trains and motivating models
We would like to have mathematical models to study either one neuron, or few hundreds of
neurons interacting with each other (mesoscopic population) or to model a macroscopic population
(more than few thousands). Crucially, we need stochastic models to account for the variability of
experimental results: the same repeated experiment typically gives different spike trains.

In practice, what we can measure is the spiking times of the neurons. We do not have
access in many experimental settings to the full information such as the membrane voltage. For
us, one neuron will be modeled by a spike train. In other words, we care about the trajectory
of the spikes and their statistical properties. We care much less about the precise description
of the membrane voltage which leads to these spikes. Therefore for us, the information about
one neuron can be summarized by a counting process (Nt) which gives the spiking times of the
neuron T1, T2,⋯.

Nt = n

0 T1 T2 Tn t Tn+1

1

2

S1 S2 Sn+1

The Poisson process

The most basic example is the Poisson process with constant activity. In that case, the times
between two successive events (interspikes in neurosciences) are i.i.d. with exponential law E(λ):

(Ti+1 − Ti)i∈N i.i.d. with law E(λ).

The exponential law E(λ) has density λe−λs on R+. It has a very special property, the absence of
memory.

Exercice 1.1.1. Let S be a random variable of law E(λ). Show that

P(S > t + h ∣ S > t) = P(S > h).

In fact, the exponential laws are the only distributions which have this memoryless property.
We shall return to this example later, and generalize it so that the intensity can depend on time
(inhomogeneous Poisson process). However, the absence of memory/structure of the spike trains
makes the model too limited to reproduce the statistics of real neurons.
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The stochastic Integrate and fire model

The typical example we would like to study is the following stochastic variant of the Integrate and
Fire model. In this model, (Vt) is the membrane potential and (Nt) is the number of spikes of
the neuron up to time t. Between two spikes, the dynamics of (Vt) is governed by a deterministic
ODE:

V̇t = b(Vt) + at.

The drift b is typically of the form b(x) = C1 −C2x and at is a time dependent current to account
for the activity of other neurons or the external activity related to the experiment. For now,
assume that (at) is deterministic as well. Neurons then spike randomly at rate f(Vt), which
means that:

P(Nt+dt −Nt > 0 ∣ all the past up to time t) ≈ f(Vt)dt.

When a neuron spike, its potential is instantaneously reset to a resting value Vrest. For simplicity,
we take Vrest = 0. One way to describe the dynamics is to write that:

Vt = v + ∫
t

0
(b(Vs) + as)ds − ∫

t

0
Vs−dNs,

where Nt is the counting process: Nt is the number of spikes up to time t. Here Vs− is the
potential immediately before time s. At a spike, the last integral subtracts this value and resets
the potential to zero. Therefore, (Vt) is simply a deterministic transformation of (Nt): if we know
the spiking times, we know the potential (Vt) between consecutive jumps. All the information is
stored in (Nt). The first objective of the course is to explain how to define properly this object
(Nt), and how to simulate trajectories of (Nt). We then study the mathematical property of
(Nt, Vt): the Markov property, the renewal property due to the reset mechanism and finally the
long time behavior. We shall see also some links with PDE.

1.2 Constructing Poisson measures
Let (S,S) be a separable metric space; where S is the Borel σ-algebra. In the applications, we
will use mostly S = R2

+, or R+ ×Rd.

Definition 1.2.1. A point measure on S is measure of the form:

µ = ∑
i∈I

δxi ,

where xi ∈ S, and I is a finite or countable set. We denote by Mp(S) the set of all punctual measures
as above. We equip Mp(S) with the σ-algebra M generated by the functions µ↦ µ(A),A ∈ S and
µ ∈Mp(S).

Let (Ω,F ,P) a probability space.

Definition 1.2.2. Let ν be a σ-finite measure on (S,S). A (random) Poisson measure Π on S
with intensity ν is a random variable on (Mp(S),M) such that:

1. For all A ∈ S, Π(A) (d)= Poisson(ν(A)).

2. For all disjoints A1,⋯,An, the random variables Π(A1),⋯,Π(An) are independent.
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The intensity measure gives the expected number of points in each measurable set A:

E[Π(A)] = ν(A).

For a set of small measure ν(A) = ϵ, the Poisson distribution gives

P(Π(A) = 1) = ϵe−ϵ
= ϵ +O(ϵ2), ϵ ↓ 0.

The motivation for this definition is the following. Take A ∈ S and cover it by small disjoints balls
of ν-volume ϵ. Then

Π(A) ≈ ∑ independent bernoulli r.v. ≈
ν(A)/ϵ

∑
i=1

Ber(ϵ) = Bin(
ν(A)

ϵ
, ϵ) →ϵ↓0 Poisson(ν(A)).

.

Theorem 1.2.3. Let ν be a σ-finite measure on (S,S). There exists a Poisson measure with
intensity ν.

To prove this result, we start with a lemma.

Lemma 1.2.4 (Rarefaction). Let X be a random variable with distribution Poisson(λ). Let I
be a discrete set. Let ξ1, ξ2,⋯ a collection of i.i.d I-valued random variables, also independent of
X. Denote by

pi = P(ξ1 = i), i ∈ I.

Then the random variables

Xi =
X

∑
j=1

1ξj=i

are independent with law Poisson(piλ)

Exercice 1.2.5. Prove this lemma. Hint: compute the Fourier transform.

We also have:

Lemma 1.2.6. It holds that for all λ,λ′ ≥ 0

Poisson(λ) ∗ Poisson(λ′) = Poisson(λ + λ′).

That is if X ∼ Poisson(λ) and Y ∼ Poisson(λ′) are independent then X + Y ∼ Poisson(λ + λ′).

Exercice 1.2.7. Prove this result.

Proof of Theorem 1.2.3. We first assume that ν(S) < ∞. Let ν̄ = ν
ν(S)

. Let N a random variable
with law Poisson(ν(S)). Let (Xj) be a collection of i.i.d. random variable (also independent of
N) of law ν̄. Set:

Π =
N

∑
j=1

δXj .

Let A1,⋯,An−1 ∈ S be disjoint sets. Let An = S ∖∪iAi such that A1,⋯An is a partition of S. We
also set:

ξj =
n

∑
i=1
i1{Xj∈Ai}.
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We have:
Π(Ai) =

N

∑
j=1

1Ai(Xj) =
N

∑
j=1

1ξj=i.

By the rarefaction lemma, we deduce that the r.v. Π(Ai) are independent and

Π(Ai) ∼ Poisson(ν(S)
ν(Ai)

ν(S)
).

Therefore, Π is a Poisson measure of intensity ν.
Assume now that ν(S) = ∞, and take Sn a partition of S with ν(Sn) < ∞. Consider Πn a

family of independent Poisson measures on Sn, with intensity ν(⋅ ∩ Sn). Set:

Π = ∑
n≥1

Πn.

It holds that Π is a Poisson measure with intensity ν. Indeed:

1. almost surely, Πn(S ∖ Sn) = 0, because it has law Poisson(0).

2. Take A1,⋯Ak two by two disjoint, Ai ∈ S. Then Πn(Ai), n are independent; of law
Poisson(ν(Ai ∩ Sn)). Therefore:

Π(Ai) = ∑
n≥0

Πn(Ai) ∼ Poisson(ν(Ai)).

3. As all the random variables Πn(Ai), n, i are independent, we deduce that the random
variables

Π(Ai) = ∑
n

Πn(Ai), i ∈ 1⋯k

are independent.

This end the proof.
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1.3 A pathwise construction of the spiking neuron
We consider the stochastic neuron model:

dVt = b(Vt)dt − Vt−dNt.

The idea is that: between the spikes, the dynamics is deterministic and given by the ODE
V̇t = b(Vt); spikes occur with intensity f(Vt−) and when a spike occurs, the potential is reset to
zero (resting potential).

Assumption 1.3.1. The function b ∶ R+ → R is Lipschitz with b(0) ≥ 0. In addition, f ∈
C1(R+;R+), with ∥f∥∞ + ∥f ′∥∞ < ∞.

Remark 1.3.2. It is not clear apriori on how to construct this object, as the stochastic intensity
of Nt is a function of Vt−, and (Vt) itself depends on (Nt). We first construct it from a Poisson
measure; a second construction using Girsanov’s theorem is given in Subsection 2.5.

We denote by φt(v) the solution of the ODE:

d

dt
φt(v) = b(φt(v)); φ0(v) = v.

Construction from a Poisson measure

Fix a probability space (Ω,F ,P) and a Poisson measure Π of intensity dsdz on R2
+. Integration

against Π means summing over its points; Subsection 2.4 gives the formal definition. Consider
the following equation

Vt = v + ∫
t

0
b(Vs)ds − ∫

t

0
∫
R+
Vs−1{z≤f(Vs−)}Π(ds,dz).

This equation can be solved jump after jump for all t ≥ 0: since f is bounded, only finitely many
points of Π can produce a spike on each bounded time interval. In addition, let

Nt = ∫

t

0
∫
R+
1{z≤f(Vs−)}Π(ds,dz).
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1.4 Exact simulation of spike times
Fix a simulation horizon T > 0 and choose a constant f̄ > 0 such that f(x) ≤ f̄ for all x ≥ 0.
Only the points of Π in the strip [0, T ] × [0, f̄] can produce spikes. Their time coordinates form
a Poisson process of rate f̄ , and their heights are independent and uniform on [0, f̄]. We can
therefore generate these points successively using independent exponential waiting times and
uniform marks, and retain those below the current intensity. This is called thinning.

Algorithm on [0, T ]

Start at time s = 0 with potential x = v and an empty list of spike times (k = 0). At each iteration,
x = Vs is the potential after the last processed point.

1. Draw E ∼ E(f̄), with rate f̄ , and set t = s +E. If t > T , stop and return the list τ1, . . . , τk.

2. Follow the deterministic flow up to the proposed time:

y = φE(x) = Vt−.

3. Draw U uniformly on (0,1), independently of E and all previous draws.

• If U ≤ f(y)/f̄ , accept the point: increase k by one, record τk = t, and reset x = 0.
• Otherwise, reject the point and set x = y.

4. Set s = t and return to step 1.

A rejected point advances time without resetting the potential. The accepted times are the
successive spikes. Between these spikes, the trajectory is recovered from the flow, starting from v
initially and from 0 after each reset.

Why this implements the Poisson construction

The proposed point has coordinates (t, z) = (t, f̄U), so the acceptance test is precisely z ≤ f(Vt−).
At an accepted point, the Poisson integral changes the potential by −Vt− and increases the spike
count by one. Rejected points contribute zero. Thus the algorithm implements the defining
equations, point by point. The number of proposed points in [0, T ] has law Poisson(f̄T ), so the
algorithm stops almost surely, including when no spike occurs.

The simulation is exact provided that the deterministic flow φ is evaluated exactly. For
example, for the leaky drift b(x) = C1 −C2x, with C1 ≥ 0 and C2 > 0,

φh(x) =
C1

C2
+ (x −

C1

C2
) e−C2h.

For a general drift evaluated with a numerical ODE solver, the simulation inherits the approxima-
tion error of that solver.
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2 Stochastic calculus and changes of measure
2.1 Information and martingales
Stochastic processes and stopping times

Let (Ω,F ,P) be a probability space. We recall that F is a σ-field (or σ-algebra, “tribu” in French).

Definition 2.1.1. A family of random variables (Xt)t≥0 on (Ω,F) is called a stochastic process.

Given such a stochastic process X = (Xt)t≥0, we let

F
X
t = σ(Xs, s ∈ [0, t]),

the σ-field generated by (Xs)0≤s≤t. The family (FX
t ) is the internal history of X.

Heuristic 2.1.2. If a random variable Y is FX
t -measurable, then there exists a deterministic

function Φ such that Y = Φ((Xs), s ≤ t). In other words, Y depends causally on (Xs), s ≤ t.

Let T ∈ R̄+ a random variable on (Ω,F).

Heuristic 2.1.3. We say T is a stopping time if T models the arrival time of a random
phenomenon which depends causally on (Xt). In other words, T is a stopping time if we can
answer the following question, for all t ≥ 0: “has the phenomenon already occurred at time t”?

Definition 2.1.4. T is a (FX
t ) stopping time if for all t ≥ 0, {T ≤ t} ∈ FX

t .

We now generalize slightly theses two definitions.

Definition 2.1.5. A sequence (Ft)t≥0 of σ-fields is called a filtration if for all t, h ≥ 0 Ft ⊂ F

(it is a sub σ-field of F) and Ft ⊂ Ft+h (it is increasing). We also let F∞ be the smallest σ-field
which contains all the Ft.

Example 2.1.6. Let Zt = (Xt, Yt) for two processes X and Y . Then FX
t ⊂ F

Z
t . FX

t corresponds
to the observation of (Xs)0≤s≤t, while FZ

t corresponds to the observation of both trajectories
((Xs, Ys))0≤s≤t.

If a process (Xt) is such that FX
t ⊂ Ft then we say that (Ft) is an history of (Xt); (FX

t )

is the smallest history of (Xt).

Definition 2.1.7. A random variable T ∶ Ω→ R̄+ is a (Ft)-stopping time if

∀t ≥ 0, {T ≤ t} ∈ Ft.

Finally, we let:
FT ∶= {A ∈ F∞ ∣ A ∩ {T ≤ t} ∈ Ft for all t ≥ 0}.

Martingales

Assume we know (Xt) up to the time t, i.e. we “know” FX
t . Let Y be random variable correlated

to (Xt). We would like to find the best approximation of Y , knowing FX
t . In other words, we

seek for Ŷt a FX
t -measurable random variable such that

∀Z FX
t −measurable, E(Y − Ŷt)

2
≤ E(Y −Z)2.
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The answer to this problem is the conditional expectation:

Ŷt = E[Y ∣ FX
t ].

In addition, we have by the tower property:

E[Ŷt ∣ F
X
s ] = E[E[Y ∣ F

X
t ] ∣ F

X
s ] = E[Y ∣ F

X
s ] = Ŷs.

We say, according to the following definition, that (Ŷt) is a martingale.

Definition 2.1.8. Let (Ω,F ,P) be a probability space, (Ft) a filtration. A (P,Ft)-martingale on
[0, T ] is a R-valued process (Xt) such that:

• Xt is Ft-adapted.

• E∣Xt∣ < ∞, for all t ∈ [0, T ].

• For all 0 ≤ s ≤ t ≤ T , E[Xt ∣ Fs] =Xs, almost surely.

Remark 2.1.9. If for all s ≤ t ≤ T , E[Xt ∣ Fs] ≤ Xs, we say X is a super-martingale. If
E[Xt ∣ Fs] ≥Xs, we say X is a sub-martingale.

Exercice 2.1.10. Let (Xt) be a process with independent increment, that is

Xt −Xs is independent of FX
s , ∀0 ≤ s ≤ t.

Assume that E∣Xt∣ < ∞ and EXt = 0. Show that (Xt) is a (P,FX
t )-martingale.

Exercice 2.1.11. Assume in addition that EX2
t < ∞. Show that

1. X2
t −EX2

t is a (P,FX
t )-martingale.

2. X2
t is a (P,FX

t ) sub-martingale.

Definition 2.1.12. Let (Xt) be a stochastic process adapted to (Ft). Let (Sn) be a sequence of
increasing stopping times, such that limn↑∞ Sn = ∞. If for all n, (Xt∧Sn) is a martingale, we say
(Xt) is a local martingale. We say (Xt) is localized by the sequence (Sn).

Exercice 2.1.13. We recall Fatou’s conditional lemma. Let Xn ≥ 0 be a sequence of random
variables and G ⊂ F . Then

lim inf
n→∞

E[Xn ∣ G] ≥ E[lim inf
n→∞

Xn ∣ G].

Let (Xt) be a (P,Ft)-local martingale, such that Xt ≥ 0 and E∣Xt∣ < ∞, for all t. Show that Xt is
a (P,Ft) super-martingale.

Exercice 2.1.14. Let (Ω,F , (Ft), P ) be a filtered probability space. Assume (Mt) is a (P,Ft)

martingale. Let (Gt) be a filtration with less information than (Ft), that is: Gt ⊂ Ft for all t.
Assume that Mt is adapted to (Gt) (a possible choice is Gt = F

M
t ...) Show that Mt is also a

(P,Gt)-martingale.
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2.2 Predictability and stochastic integration
Predictable processes

Definition 2.2.1. Let (Ω,F ,P) be a probability space. Let F = (Ft) be a filtration. We define
P(F) the σ-field generated by the rectangles of the form:

(s, t] ×A, A ∈ Fs,0 ≤ s ≤ t.

We say P(F) is the predictable σ-field on (0,∞) ×Ω.
A process (Xt) such that X0 is F0-measurable and such that (t, ω) → Xt(ω) is P(F)-

measurable is said to be (Ft) predictable.

In practice, we will mostly use:

Theorem 2.2.2. A process (Xt) adapted to (Ft) and with left-continuous trajectories is Ft-
predictable.

Example 2.2.3. Take (Nt) a Poisson process. The trajectories of (Nt) are cadlag (continue
à droite, limité à gauche). Then Nt− is caglad (continue à gauche, limité à droite) and so
FN

t -predictable.

Integration with respect to a martingale with finite variation

Let (Mt) be a (P,Ft) martingale. Assume that (Mt) has almost surely finite variation on [0, t],
for all t ≥ 0. That means that

∫

t

0
∣dMs∣ = sup{

p

∑
i=1
∣Mti −Mti−1 ∣} < ∞,

where the supremum is taken on all the subdivisions 0 = t0 < t1 < ⋯ < tp = t of [0, t]. We assume
that

E∫
t

0
∣dMs∣ < ∞.

Theorem 2.2.4. Let (Ct) be a (Ft)-predictable process such that E ∫
1

0 ∣Cs∣∣dMs∣ < ∞. Then
t↦ ∫

t
0 CsdMs is a (P,Ft) martingale on [0,1].

We shall not prove the result here. But to explain this result, consider the predictable
process

Cu = 1A1(s,t](u), A ∈ Fs.

Then

M̃θ ∶= ∫

θ

0
CudMu = 1A(Mt∧θ −Ms∧θ) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

0 if θ ≤ s
1A(Mθ −Ms) if θ ∈ [s, t]
1A(Mt −Ms) if θ > t

.

Therefore, for all u ≤ θ,

E[M̃θ ∣ Fu] = E[1A(Mt∧θ −Ms∧θ) ∣ Fu] = M̃u.
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Indeed, consider first the case θ ≤ s. Then θ ≥ s, u ≤ s. Then θ, u ≥ s. And use each time the
martingale property of M . In fact (Mt) is (P,Ft) martingale is equivalent to

E [∫
∞

0
CudMu] = 0,

for all predictable process of the form Cu = 1A1(s,t](u), where A ∈ Fs.

2.3 Point processes and stochastic intensities
A point processes is a sequence of non-negative and increasing random variables (Tn):

T0 = 0, and [Tn < ∞ Ô⇒ Tn+1 > Tn].

Let T∞ ∶= limn↑∞ Tn. We define the counting process:

Nt =

⎧⎪⎪
⎨
⎪⎪⎩

n if t ∈ [Tn, Tn+1)

+∞ if t ≥ T∞.
.

By abuse of notation, we say that (Nt) is the point process as well. There is a one to one relation
between (Nt) and the sequence (Tn). On every interval [0, t] with t < T∞, the trajectories of (Nt)

are cadlag and have finite variation. For a predictable process (Ct), we define

∫

t

0
CsdNs = ∑

n≥1
Tn≤t

CTn , t < T∞.

For C ≥ 0, the same sum is defined for all t ≥ 0, possibly with value +∞. The theorem below will
rule out explosion when N admits an intensity. Now, the fundamental definition is the following:

Definition 2.3.1. Let (Ω,F ,P) a probability space, (Ft) a filtration and (Nt) a point process
adapted to (Ft). Let (λt) be a non-negative (Ft) predictable process such that

a.s, ∀t ≥ 0, ∫

t

0
λsds < ∞.

If for all non-negative Ft-predictable process (Ct) the equality

E [∫
∞

0
CsdNs] = E [∫

∞

0
Csλsds]

holds, we say that Nt admits the (P,Ft) intensity λt.

Theorem 2.3.2. Let (Nt) a point process which admits the (P,Ft) intensity λt. Then:

1. Nt is not explosive, that is Nt < ∞ for all t > 0, with probability 1.

2. Mt = Nt − ∫
t

0 λsds is a local martingale.

3. Let (Xt) be (Ft)-predictable with E ∫
t

0 ∣Xs∣λsds < ∞ for all t. Then ∫
t

0 XsdMs is a martin-
gale.
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4. Let (Xt) be (Ft)-predictable with a.s. ∫
t

0 ∣Xs∣λsds < ∞ for all t. Then ∫
t

0 XsdMs is a local
martingale.

Proof. First point. Let Sn = inf{t ≥ 0 ∶ ∫
t

0 λsds ≥ n}. It is a (Ft) stopping-time (easy exercise!).
Let Ct = 1t≤Sn , (Ct) is a predictable process (exercice!). So

ENSn = E∫
Sn

0
λsds ≤ n < ∞.

Therefore, by Markov’s inequality:
P(NSn > A) ≤

n

A
.

So P(NSn = ∞) = 0. In addition, Sn ↑ ∞ so

P(∃t ∶ Nt = ∞) ≤ P(∃n ∶ NSn = ∞) ≤ ∑
n

P(NSn = ∞) = 0.

To conclude, P(∀t ≥ 0, Nt < ∞) = 1.
Second point. We choose Cs = 1A1a≤s≤b∧Tn . So we have:

E1A(Nb∧Tn −Na∧Tn) = E1A ∫

b∧Tn

a∧Tn

λudu.

So:
E [1A (Nb∧Tn − ∫

b∧Tn

0
λudu)] = E [1A (Na∧Tn − ∫

a∧Tn

0
λudu)] ,

therefore Nb∧Tn − ∫
b∧Tn

0 λudu is a (P,Ft) martingale. As (Nt) is not explosive, Tn ↑ ∞ a.s. and
so Mt is a local martingale (localized by the Tn).

Third point. Take Cs = 1a≤s≤b1AXs. We find that

E1A ∫

b

a
XsdNs = E1A ∫

b

a
Xsλsds.

Equivalently,

E [∫
b

0
XsdNs − ∫

b

0
Xsλsds ∣ Fa] = ∫

a

0
XsdNs − ∫

a

0
Xsλsds.

So ∫
t

0 XsdMs is a martingale. The last point is left as an exercise.

The Poisson process

Here, we assume that λ(t) is deterministic. Consider (Nt) a (Ft) point process with stochastic
(in fact deterministic!) intensity λ(t). We note, as N is constant between its jumps that:

Lemma 2.3.3. Let g ∈ Cb(R+) be a bounded and continuous function. Then

g(Nt) = g(0) + ∫
t

0
[g(Ns) − g(Ns−)]dNs.
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We apply this result with g(r) = eiur. We find:

eiuNt = 1 + ∫
t

0
[(eiu

− 1)eiuNs−]dNs.

Therefore, we find that

mt ∶= e
iuNt − ∫

t

0
[(eiu

− 1)eiuNs−]λsds = 1 + ∫
t

0
[(eiu

− 1)eiuNs−]dMs,

where Mt = Nt − ∫
t

0 λ(s)ds. The r.h.s. is a martingale, so for all A ∈ Fs, E1A(mt −ms) = 0,
provided that t ≥ s. Therefore:

E1A [e
iuNt − eiuNs − ∫

t

s
[(eiu

− 1)eiuNv−]λvdv] = 0

As the jumps times are of Lebesgue measure zero, we can remove the Nv− in the integral. We
divide by eiuNs (or multiply by its bounded inverse e−iuNs) and find that:

E1A(e
iu(Nt−Ns) − 1) = E1A ∫

t

s
[(eiu

− 1)eiu(Nv−Ns)]λvdv.

We let
H(t, s,A) = E1Ae

iu(Nt−Ns).

So
H(t, s,A) = P(A) + ∫

t

s
(eiu
− 1)H(v, s,A)λ(v)dv.

That is
d

dt
H(t, s,A) = (eiu

− 1)λ(t)H(t, s,A).

Therefore,
H(t, s,A) = P(A) exp((eiu

− 1)∫
t

s
λ(v)dv).

In particular
E[eiu(Nt−Ns)] = exp((eiu

− 1)∫
t

s
λ(v)dv).

We recognize the Fourier transform of the Poisson distribution of parameter ∫
t

s λ(v)dv. Altogether,
we have proved that: Nt −Ns is independent of Fs (independent increment) and

P(Nt −Ns = k) =
1
k!
(∫

t

s
λ(v)dv)

k

exp(−∫
t

s
λ(v)dv) .

Exercice 2.3.4. Show directly from the definition of (Nt) that

P(Nt −Ns = 0) = exp(−∫
t

s
λ(v)dv) .

Hint: use Cu = 1u≤T1∧t.
Exercice 2.3.5. What is

E∫
t

0
NsdNs?

Exercice 2.3.6. Let τ be a random variable with law E(a), a > 0. Let Zt = 1{τ≤t}. Show that:

Mt = Zt − a(t ∧ τ).

is a (FZ
t )-martingale.

13
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2.4 Poisson integrals and the first spike
Let F = (Ft)t≥0 be a filtration on (Ω,F).

Definition 2.4.1. Let ν be a σ-finite measure on (S,S). We say that Π(ds,dz) is an (Ft)

adapted Poisson measure of intensity dsν(dz) if Π is a Poisson measure on R+ × S with intensity
dsν(dz) and if for all t, s ≥ 0:

• Π([0, t] ×A) is Ft measurable for all A ∈ S.

• Π((t, t + s] ×A) is independent of Ft for all A ∈ S.

The restriction of Π to [0, t] ×S is itself a Poisson measure, and can be written of the form

Π∣[0,t] = ∑
n

δ(sn,zn).

Recall that P(F) denotes the predictable σ-field on (0,∞) × Ω associated to F = (Ft). Let
H ∶ R+ ×Ω × S → [0,∞] be P(F) × S measurable function. We denote by

∫

t

0
∫

S
Hs(ω, z)Π(ds,dz) ∶= ∑

n

Hsn(ω, zn),

provided that Π∣[0,t] = ∑n δ(sn,zn). We have (proof is admitted).

Theorem 2.4.2 (Master formula). It holds that:

1. ∫
t

0 ∫S Hs(ω, z)Π(ds,dz) and ∫
t

0 ∫S ν(dz)Hs(ω, z)ds are both Ft-random variable and have
the same expectation.

2. If moreover E ∫
t

0 ∫S ν(dz)Hs(ω, z)ds < ∞ for all t, then

Mt = ∫

t

0
∫

S
Hs(ω, z)Π(ds,dz) − ∫

t

0
∫

S
ν(dz)Hs(ω, z)ds,

is a (P,Ft) martingale.

In most of the applications, we choose:

Hs(ω, z) =Xs(ω)1{z≤Ys(ω)},

where (Xs), (Ys) are predictable processes with respect to (Ft).

Construction by thinning

Let Π be an (Ft)-adapted Poisson measure on R2
+ with intensity dsdz, and let (λt) be an

(Ft)-predictable process such that 0 ≤ λt ≤ L for a deterministic constant L > 0. Define

Nt ∶= ∫

t

0
∫
R+
1{z≤λs}Π(ds,dz).

Thus Nt counts the points (s, z) of Π with s ≤ t and z ≤ λs. All these points belong to the strip
(0, t]× [0, L], whose number of points has law Poisson(Lt). There are therefore only finitely many

14
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jumps on each bounded time interval. The time coordinates of the points in this strip are distinct
almost surely, so N is an adapted point process with unit jumps and N0 = 0.

To check its intensity, let (Cs) be any non-negative (Ft)-predictable process. Applying the
master formula to Hs(z) = Cs1{z≤λs} gives, for every t ≥ 0,

E∫
t

0
CsdNs = E∫

t

0
∫
R+
Cs1{z≤λs}Π(ds,dz)

= E∫
t

0
∫
R+
Cs1{z≤λs}dzds

= E∫
t

0
Csλsds.

Letting t→∞ by monotone convergence gives exactly the identity in Definition 2.3.1. Hence N
has stochastic intensity λ. The second part of the master formula also shows that

Mt = Nt − ∫

t

0
λsds

is a true martingale, since E ∫
t

0 λsds ≤ Lt.
The thinning interpretation is immediate: propose times at rate L, attach independent

heights uniformly distributed on [0, L], and retain a proposed point (s, z) when z ≤ λs. The
acceptance decision uses the predictable value λs, based on the history before that point. In the
neuron construction, this value is f(Vs−) and is updated along the trajectory, as in the algorithm
of Subsection 1.4.

Intensity of the spiking neuron

Return to the construction of Subsection 1.3 on (Ω,F ,P), and choose a filtration (Ft) such that
Π is an adapted Poisson measure. Then Nt is a point processes of stochastic intensity f(Vt−).
Indeed,

Nt − ∫

t

0
f(Vs−)ds

is a (P,Ft)-martingale.

Distribution of the first spike

Fix a deterministic horizon T > 0. For the first-spike distribution, the neuron model is considered
on [0, T ]; all observation times in the statement below lie in this interval.

Proposition 2.4.3. Assume that V0 = v. Let τ1 be the time of the first spike, with τ1 = ∞ if there
is no spike on [0, T ]. For 0 ≤ t ≤ T , it holds that:

P(τ1 > t) = exp(−∫
t

0
f(φs(v))ds) .

Proof. Let Cu = 1u≤τ11u≤t. We have

E∫
t∧τ1

0
dNu = E∫

t∧τ1

0
f(Vu)du.

15
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Therefore:
P(τ1 ≤ t) = E∫

t∧τ1

0
f(φu(v))du.

or equivalently:
1 − P(τ1 > t) = E∫

t

0
1τ1>uf(φu(v))du.

So
d

dt
P(τ1 > t) = −P(τ1 > t)f(φt(v)).

This gives the stated formula.

2.5 Girsanov’s theorem and weak construction
Let (Ω,F , (Ft),Q) that supports a standard Poisson process N of rate 1. Denote by (τn)n≥1 the
jumps of N . We shall see how to transform this standard Poisson process to a point process of
stochastic intensity by changing the probability measure. This gives a weak construction on any
fixed finite interval [0, T ].

Theorem 2.5.1. Let (µt) be a non-negative (Ft)-predictable process such that

∀t ≥ 0,Q(dω)a.s., ∫

t

0
µsds < ∞.

Let
Lt ∶= ∏

τi≤t

µTi exp(t − ∫
t

0
µsds) .

Then (Lt) is a (Q,Ft)-local martingale.

Proof. The idea is that Lt solves the following equation, where Mt ∶= Nt − t:

Lt = 1 + ∫
t

0
Ls−(µs − 1)dMs.

As Mt is (Q,Ft) martingale, Lt is a local martingale by Theorem 2.3.2.

Remark 2.5.2. If in addition µs is bounded by a deterministic constant C for all t, it holds that

Lt ≤ C
Ntet.

So:
EQ ∫

t

0
Ls−∣µs − 1∣ds ≤ tet

(C + 1)EQC
Nt .

It holds that
EQC

Nt = et(C−1).

Therefore,
EQ ∫

t

0
Ls−∣µs − 1∣ds < ∞, ∀t ≥ 0.

Using Theorem 2.3.2, we deduce that Lt is true (Q,Ft)-martingale.

16
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Theorem 2.5.3 (Girsanov’s theorem). Fix a deterministic horizon T > 0. Let (µt) be a non-
negative (Ft)-predictable process such that (Lt)0≤t≤T is a true martingale. Define P on FT

by
dP ∶= LT dQ.

Then (Nt)0≤t≤T has the (P,Ft)-intensity µt on [0, T ].

Proof. Let (Ct)0≤t≤T be a non-negative Ft-predictable process. We have to prove that

EP ∫
T

0
CsdNs = EP ∫

T

0
Csµsds.

Equivalently, we have to show that

EQLT ∫

T

0
CsdNs = EQLT ∫

T

0
Csµsds.

The left hand side is equal to:
EQ ∫

T

0
LsCsdNs

Similar equation can be written for the right hand side. Therefore, we have to prove that:

EQ ∫
T

0
LsCsdNs = EQ ∫

T

0
LsCsµsds.

Finally, as LsdNs = Ls−µsdNs, we have to prove that

EQ ∫
T

0
Ls−CsµsdNs = EQ ∫

T

0
LsCsµsds.

This is true. Why? By definition of Nt being a (Q,Ft)-point process of stochastic intensity 1!

Remark 2.5.4 (Choice of the time horizon). For 0 ≤ t ≤ T and A ∈ Ft, the martingale property
gives

P(A) = EQ[LT1A] = EQ[EQ[LT ∣ Ft]1A] = EQ[Lt1A].

Thus the law of observations up to t is unchanged if we choose a larger horizon on which L is a
true martingale. All applications of Girsanov below are understood on a fixed finite horizon. For
the neuron model, the Poisson measure construction in Subsection 1.3 already provides trajectories
for all t ≥ 0 directly, without a measure extension argument.

Exercice 2.5.5. We used that:

E∫
T

0
LTCsdNs = E∫

T

0
LsCsdNs = E∫

T

0
Ls−µsCsdNs.

Justify this equality.
Hint: write down the definition of the integral with respect to the jump times of Nt.

17
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Representation using Girsanov’s theorem

Fix a deterministic horizon T > 0. Recall under Q, Nt is a Poisson process of rate 1. Let for all
t ≥ s:

V v
t,s = v + ∫

t

s
b(V v

u,s)du − ∫
t

s
V v

u−,sdNu.

This equation has a path-wise unique solution, because b is Lipschitz. Let also:

Lv
t,s = ∏

s<τi≤t

f(V v
τi−,s) exp((t − s) − ∫

t

s
f(V v

u,s)du) .

To simplify the notations, we write:

Lv
t ∶= L

v
t,0, V v

t ∶= V
v

t,0.

As f is bounded, (Lv
t )t≥0 is a (Q,Ft)-martingale. For each initial potential v, define Pv on FT by

dPv
= Lv

T dQ.

Then (Nt)0≤t≤T has the (Pv,Ft) stochastic intensity f(V v
t−) on [0, T ]. The measure Pv depends

on v: each initial potential has its own change of measure. For 0 ≤ t ≤ T , its restriction to Ft has
density Lv

t with respect to Q.

Exercice 2.5.6. Using this construction, compute Pv(τ1 > t) for 0 ≤ t ≤ T .

18
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3 Dynamics and statistical inference
3.1 Markov semigroups and generators
We use the processes V v and measures Pv constructed on [0, T ] in Subsection 2.5. We now prove
the following Markov property.

Proposition 3.1.1. Let g ∶ R+ → R+ be a non-negative measurable function. For 0 ≤ t ≤ T , let

ψt(v) ∶= EPv [g(V v
t )] = EQ[L

v
t g(V

v
t )].

For s, t ≥ 0 with s + t ≤ T , time homogeneity under the reference measure Q gives

EQ[L
v
s+t,sg(V

v
s+t,s)] = ψt(v).

For the same s, t, the Markov property is

EPv [g(V v
t+s) ∣ Fs] = ψt(V

v
s ) Pv-a.s.

Proof. Under Q, (Ns+u −Ns)u≥0 is a standard Poisson process independent of Fs. Since the
coefficients do not depend on time, (Lv

s+t,s, V
v

s+t,s) has the same law under Q as (Lv
t , V

v
t ). This

proves the time homogeneity identity. Take A ∈ Fs. We have

EPv [g(V v
t+s)1A] = EQ [L

v
t+sg(V

v
t+s)1A]

= EQ [L
v
sL

V v
s

t+s,sg(V
V v

s
t+s,s)1A] .

We used the fact that (stochastic flow property)

a.s, V v
t+s,0 = V

V v
s

t+s,s,

and
Lv

t+s = L
v
sL

V v
s

t+s,s.

We now take the conditional expectation by Fs. We obtain:

EPv [g(V v
t+s)1A] = EQ [1AL

v
sEQ [L

V v
s

t+s,sg(V
V v

s
t+s,s) ∣ Fs]] .

Using this independence and the time homogeneity identity with the Fs-measurable starting
potential V v

s , we have:
EQ [L

V v
s

t+s,sg(V
V v

s
t+s,s) ∣ Fs] = ψt(V

v
s ).

Altogether, we have

EPv [g(V v
t+s)1A] = EQ [L

v
s1Aψt(V

v
s )] = EPv [1Aψt(V

v
s )].

As this is true for all A ∈ Fs (and that V v
s is Fs-measurable), the result is proved.

Exercice 3.1.2. Let 0 ≤ s ≤ t1 ≤ t2 ≤ T . For two non-negative test functions g1 and g2, define

F (v′) ∶= EPv′ [g1(V
v′

t1−s)g2(V
v′

t2−s)].

Show that
EPv [g1(V

v
t1
)g2(V

v
t2
) ∣ Fs] = F (V

v
s ) Pv-a.s.

Clearly this generalizes to any number of test functions g1,⋯, gk.
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The exercise above shows that (V v
t )0≤t≤T has the Markov property under Pv. Given g a

non-negative measurable function and 0 ≤ t ≤ T , let

Stg(v) ∶= EPv [g(V v
t )] = EQ[L

v
t g(V

v
t )] = ψt(v).

Proposition 3.1.3. St satisfies the semi-group identity: for all s, t ≥ 0 with s + t ≤ T ,

St+sg = St(Ssg).

Proof. For every v, the Markov property gives

St+sg(v) = EPv[EPv [g(V v
t+s) ∣ Ft]]

= EPv [(Ssg)(V
v

t )] = St(Ssg)(v).

Since the deterministic horizon T can be chosen arbitrarily large and the finite-horizon laws
are consistent, St is defined for every t ≥ 0. To verify the semi-group identity for given s, t, simply
choose T ≥ s + t. This defines the transition operators without constructing a probability measure
on an infinite time interval. The generator of this semi-group is defined as follows, provided that
the limit exists:

Lg(v) = lim
ϵ↓0

EPvg(V v
ϵ ) − g(v)

ϵ
.

Proposition 3.1.4. For all g ∈ C1(R) with compact support. It holds that:

Lg(v) = g′(v)b(v) + [g(0) − g(v)]f(v).

Proof. Let Mt = Nt − ∫
t

0 f(V
v

u−)du. At a spike, the change in g(V v) is g(0) − g(V v
u−). The change

of variables formula therefore gives

g(V v
t ) = g(v) + ∫

t

0
g′(V v

u )b(V
v

u )du + ∫
t

0
[g(0) − g(V v

u−)]dNu.

Substituting dNu = dMu + f(V
v

u−)du, we obtain

g(V v
t ) = g(v) + ∫

t

0
[g′(V v

u )b(V
v

u ) + (g(0) − g(V v
u ))f(V

v
u )]du

+ ∫

t

0
[g(0) − g(V v

u−)]dMu.

The last integrand is predictable and bounded, and f is bounded, so the last term is a (Pv,Ft)-
martingale on [0, T ]. Taking expectations, subtracting g(v), dividing by t and letting t ↓ 0 gives
the stated generator: the drift integrand is bounded and continuous as a function of the potential,
and V v

t → v almost surely.
We used that V v

u and V v
u− differ only at spike times, which form a locally finite set. Thus

they can be interchanged under an integral against du. This does not hold against dNu or dMu,
or in a product evaluated at spike times. In particular, using g(0) − g(V v

u ) at a spike would give
zero instead of the actual change in g(V v).
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Strong Markov property

Proposition 3.1.5. Let g ∶ R+ → R+ be a non-negative measurable function. Let t ∈ [0, T ] and let
τ be an (Ft) stopping time with values in [0, T − t].

ψt(v) ∶= EPv [g(V v
t )].

It holds that
EPv [g(V v

t+τ) ∣ Fτ ] = ψt(V
v

τ ) Pv-a.s.

Proof. This is the same proof as before, but this time we use that under Q, (Nu+τ −Nτ)u≥0 is a
standard Poisson process independent of Fτ . This claim is admitted (but standard).

The Poisson measure construction in Subsection 1.3 defines the neuron for all t ≥ 0. For
initial potential v, its law on each [0, T ] is the law of V v under Pv in the Girsanov construction
of Subsection 2.5: both follow the same deterministic flow between spikes and have the same
conditional law of the next spike time. The finite-horizon Markov properties therefore apply
to this process; the strong Markov property at an almost surely finite stopping time follows by
localization. We use this construction for the long-time study in Subsection 3.3.

3.2 Renewal equations and interacting neurons
Volterra integral equation

For 0 ≤ t ≤ T , we let:
rv
(t) = EPv [f(V v

t )] = Stf(v),

be the spiking rate of the neuron.

Exercice 3.2.1. Fix 0 ≤ t < T . Show that, as ϵ ↓ 0 with t + ϵ ≤ T :

Pv
(Nt+ϵ −Nt > 0) = ϵEPvf(V v

t ) + o(ϵ).

Let τ1 be the first jumping time of Nt. We let

Kv
(t) = −

d

dt
Pv
(τ1 > t) = f(φt(v)) exp(−∫

t

0
f(φu(v))du) .

Proposition 3.2.2. (rv(t))0≤t≤T solves the following Volterra integral equation on [0, T ]:

rv
(t) =Kv

(t) + ∫
t

0
r0
(t − s)Kv

(s)ds.

Proof. First,

rv
(t) = EPv [f(V v

t )] = EPv [f(V v
t )1τ1>t] +EPv [f(V v

t )1τ1≤t] =∶ A +B.

The first term is
A =Kv

(t).
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For the second term, set ρ = τ1 ∧ t, so that ρ ≤ t ≤ T . The strong Markov property at ρ gives
the conditional rate rV v

ρ (t − ρ) at time t: the remaining duration t − ρ is known at time ρ. On
{τ1 ≤ t} ∈ Fρ, we have V v

ρ = 0; the rate after this reset is r0(u) = EP0[f(V 0
u )]. Therefore

B = EPv [1τ1≤tEPv [f(V v
t ) ∣ Fρ]]

= EPv [1τ1≤tr
0
(t − τ1)].

= ∫

t

0
Kv
(s)r0

(t − s)ds.

Altogether, the result is proved.

Exercice 3.2.3 (Modelling two interacting neurons). We wish to construct a stochastic model for
two neurons on [0, T ], with initial potentials (v1, v2) ∈ R2

+ and coupling strengths α,β ≥ 0. Denote
their potentials by V 1, V 2 and their spike counts by N1,N2, with N1

0 = N
2
0 = 0. The model should

satisfy the following requirements.
Between spikes, each potential follows the ODE V̇ i

t = b(V
i

t ). Neuron i should spike with
predictable intensity f(V i

t−) relative to the joint history of both neurons. When neuron 1 spikes
alone, its potential is reset to zero and the potential of neuron 2 increases by β. When neuron 2
spikes alone, its potential is reset to zero and the potential of neuron 1 increases by α.

1. Propose a construction of the spike counts and potentials using Poisson measures on R+×R+.
Specify the dependence between the driving measures and write the corresponding stochastic
equations. Can simultaneous spikes occur in your model?

2. Describe how to to simulate trajectories “exactly” on [0, T ].

3. Give a weak construction of this model on [0, T ] using Girsanov’s theorem.

4. Explain why (V 1
t , V

2
t ) is a Markov process and compute its generator.

5. Let g ∶ R2
+ → R be a smooth compactly supported test function and define u(t, v1, v2) =

Ev1,v2[g(V
1

t , V
2

t )]. Assuming that u is continuously differentiable in time and in the poten-
tials, derive the PDE satisfied by u.

3.3 Coupling and invariant distributions
The construction in Subsection 1.3 represents the neuron using an integral with respect to a
Poisson measure. This representation is very useful to do coupling arguments, where two processes
are driven by the same Poisson measure. We illustrate this coupling argument by studying the
long time behavior of (Vt). Let V x

t be the solution of:

V x
t = x + ∫

t

0
b(V x

s )ds − ∫
t

0
∫
R+
V x

s−1{z≤f(V x
s−)}

Π(ds,dz).

Given x, y ∈ R+ two initial conditions, we denote by

τc = inf{t ≥ 0 ∶ V x
s = V

y
s ∀s ≥ t},

with the convention that inf = ∞. Importantly here, V x and V y are driven by the same Poisson
measure. We denote by φt(x) the solution of the ODE:

d

dt
φt(x) = b(φt(x)); φ0(x) = x.
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We assume that f is bounded by fmax and there exists T,λ > 0 such that:

∀x, y ∈ R+, ∫

T

0
f(φs(x)) ∧ f(φs(y))ds ≥ λ.

Proposition 3.3.1. Set µ = e−T fmaxλ ∈ (0,1). For all initial potentials x, y ∈ R+,

P(τc > kT ) ≤ (1 − µ)k, k ∈ N.

In particular,
Eeητc < ∞ for 0 < η < − 1

T
log(1 − µ).

Proof. Once the two potentials coincide, pathwise uniqueness and the common Poisson measure
ensure that they stay together. Thus

{τc > kT} = {V
x

kT ≠ V
y

kT } ∈ FkT .

Fix k ∈ N. Conditional on FkT , define

q(k)s ∶= f(φs(V
x

kT )) ∧ f(φs(V
y

kT )), s ≥ 0.

Let (kT + Sk, Zk) be the first point of Π after kT in the strip of heights [0, fmax]. Consider the
event

Ek ∶= {Sk ≤ T, Zk ≤ q
(k)
Sk
}.

Before this first point, neither neuron has spiked, so both follow their deterministic flows. On
Ek, this point triggers a spike in both neurons and resets both potentials to zero. Hence Ek is
sufficient for coupling by (k + 1)T ; coupling may also occur after earlier points of the strip have
been rejected.

The Poisson measure after kT is independent of FkT . Conditional on this past, Sk has
exponential distribution with rate fmax, and Zk is independent of Sk and uniform on [0, fmax].
Therefore

P(Ek ∣ FkT ) = ∫

T

0
fmaxe

−fmaxs q
(k)
s

fmax
ds

≥ e−T fmax
∫

T

0
q(k)s ds ≥ e−T fmaxλ = µ.

Here 0 < µ < 1, since 0 < λ ≤ Tfmax and Tfmaxe
−T fmax ≤ e−1.

On {τc > kT}, coupling fails throughout the next block only if Ek fails. Consequently,

P(τc > (k + 1)T ∣ FkT ) ≤ 1{τc>kT}P(Ec
k ∣ FkT )

≤ (1 − µ)1{τc>kT}.

Taking expectations and iterating gives

P(τc > (k + 1)T ) ≤ (1 − µ)P(τc > kT ), P(τc > kT ) ≤ (1 − µ)k.
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In particular, τc < ∞ almost surely. For η > 0, Tonelli’s theorem and the bound on each interval
[kT, (k + 1)T ) give

Eeητc = 1 + η∫
∞

0
eηtP(τc > t)dt

≤ 1 + (eηT
− 1)

∞

∑
k=0
[eηT
(1 − µ)]k.

The series converges when eηT (1 − µ) < 1, which is precisely the stated condition on η.

As a corollary, we have:

Proposition 3.3.2. There is a constant c > 0 such that:

∀t ≥ 0, dT V (L(V
x

t ),L(V
y

t )) ≤ Ce
−ct.

Proof. We recall that the total variaton distance satisfies:

dT V (µ, ν) = sup
g
∫ g(x)(ν − µ)(dx),

where the supremum is taken over measurable functions g with ∣g(x)∣ ≤ 1. Let g be such a function.
Let µx

t = L(V
x

t ), µ
y
t = L(V

y
t ). We have:

∫ g(x)(µx
t − µ

y
t )(dx) = E[g(V x

t ) − g(V
y

t )]

≤ 2P(V x
t ≠ V

y
t ) ≤ 2P(τc > t)

= 2P(eητc > eηt
) ≤ 2e−ηtEeητc .

This gives the result.

Proposition 3.3.3. Assume in addition that b(0) > 0. The process (Vt) has a unique invariant
distribution which is given by

ν∞(dx) = γ

b(x)
exp(−∫

x

0

f(y)

b(y)
dy)1[0,σ)(x)dx,

where γ is a normalizing factor (so that ∫ ν∞ = 1) and σ = limt→∞ φt(0). The normalizing factor
satisfies:

γ = ∫
R+
f(x)ν∞(dx).

Proof. We construct the invariant distribution from the occupation of a spike cycle. Write P0
and E0 for probability and expectation when V0 = 0, and let τ1 = inf{t > 0 ∶ Nt ≥ 1} be the first
spike time. Before this spike, Va = φa(0). Thus

H(a) ∶= P0(τ1 > a) = exp(−∫
a

0
f(φs(0))ds) , m ∶= E0τ1 = ∫

∞

0
H(a)da.

The uniform assumption of this subsection, applied with x = y = φkT (0), gives H(kT ) ≤ e−kλ.
Consequently, τ1 is almost surely finite and 0 <m ≤ T /(1 − e−λ) < ∞.
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Each spike resets the potential to zero. By the strong Markov property, successive cycles
between spikes are independent and have the same law. This suggests defining a candidate
invariant probability of a Borel set B ⊂ R+ as the expected time spent in B during one cycle,
divided by the expected duration of a cycle:

ν∞(B) =
1
m
E0 ∫

τ1

0
1B(Va)da =

1
m
∫

∞

0
1B(φa(0))H(a)da. (3.3.1)

The second equality follows from Tonelli’s theorem: the cycle still lasts at age a with probability
H(a). In particular, this defines a probability measure because its total mass is m/m = 1.

We now verify invariance, keeping t ≥ 0 fixed. Recall that the transition semi-group (St)t≥0
acts on a bounded measurable function g by

Stg(v) ∶= Ev[g(Vt)],

where Ev denotes expectation for the neuron started at V0 = v. Thus Stg is a deterministic
function of the starting potential: it gives the expected value of g after a time interval of length t.
Write ν∞(h) = ∫ hdν∞ for a bounded measurable function h. To prove invariance, we must show
that ν∞(Stg) = ν

∞(g) for every such g and every t ≥ 0.
First, for each deterministic s ≥ 0, the Markov property gives

Stg(Vs) = E0[g(Vs+t) ∣ Fs] a.s.

Since τ1 is a stopping time, the event {s < τ1} belongs to Fs. Multiplying by its indicator and
taking expectations therefore yields

E0[1{s<τ1}Stg(Vs)] = E0[1{s<τ1}E0[g(Vs+t) ∣ Fs]]

= E0[1{s<τ1}g(Vs+t)].

We can integrate this equality over s ∈ [0,∞). Fubini’s theorem applies because g and Stg are
bounded by ∥g∥∞ in absolute value, and E0τ1 = m < ∞. Applying the occupation formula to
h = Stg, we obtain

mν∞(Stg) = E0 ∫
τ1

0
Stg(Vs)ds

= ∫

∞

0
E0[1{s<τ1}Stg(Vs)]ds

= ∫

∞

0
E0[1{s<τ1}g(Vs+t)]ds = E0 ∫

τ1

0
g(Vs+t)ds.

Next, on each trajectory, the change of variables u = s + t and the additivity of integrals
give

∫

τ1

0
g(Vs+t)ds = ∫

τ1+t

t
g(Vu)du

= ∫

τ1+t

0
g(Vu)du − ∫

t

0
g(Vu)du

= ∫

τ1

0
g(Vu)du + ∫

τ1+t

τ1
g(Vu)du − ∫

t

0
g(Vu)du.
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This identity holds whether τ1 < t or τ1 ≥ t: we have simply split the integral over [0, τ1 + t] at τ1.
Taking expectations and using the occupation formula with h = g for the first term gives

mν∞(Stg) =mν
∞
(g) +E0 ∫

τ1+t

τ1
g(Vu)du −E0 ∫

t

0
g(Vu)du.

Finally, at τ1 the potential resets to zero. By the strong Markov property, its evolution
during the next t units of time has the same law as a fresh trajectory started at zero. More
explicitly, conditional Fubini and the strong Markov property give

E0 [∫
τ1+t

τ1
g(Vu)du∣Fτ1] = ∫

t

0
E0[g(Vτ1+r) ∣ Fτ1]dr

= ∫

t

0
Srg(Vτ1)dr = ∫

t

0
Srg(0)dr

= E0 ∫
t

0
g(Vr)dr.

Taking expectations shows that the last two terms in the preceding expression for mν∞(Stg)
cancel. Hence ν∞(Stg) = ν

∞(g), since m > 0. This proves invariance. Uniqueness follows from
the preceding coupling estimate.

Since b(0) > 0, the map a↦ φa(0) is strictly increasing from 0 towards σ, and b(x) > 0 for
0 ≤ x < σ. The change of variables x = φa(0) gives

da = dx
b(x)

, H(a) = exp(−∫
x

0

f(y)

b(y)
dy) .

This recovers the density in the proposition, with γ = 1/m. Moreover, H ′(a) = −f(φa(0))H(a)
and H(∞) = 0, so

∫
R+
f(x)ν∞(dx) = 1

m
∫

∞

0
f(φa(0))H(a)da =

1
m
= γ.

Remark 3.3.4. If instead b(0) = 0, uniqueness of the ODE gives φa(0) = 0. Under the assumptions
of this subsection, formula (3.3.1) remains valid and gives ν∞ = δ0, rather than a density.
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Doeblin’s theorem

We use the same total variation convention as above, with values in [0,2]:

dT V (ν,µ) = 2 inf
X,Y

P(X ≠ Y ),

where (X,Y ) are any random variables defined on the same probability space with law L(X) = ν
and L(Y ) = µ. Equivalently,

dT V (ν,µ) = ∫ ∣ν − µ∣(dx).

Theorem 3.3.5. Let (Xn) be a Markov chain with transition kernel P (x,dy):

a.s.,∀n ≥ 0, P(Xn+1 ∈ dy ∣ Xn) = P (Xn,dy).

Assume that the transition kernel satisfies the following Doeblin’s condition: there exist a probability
measure ν and α ∈ (0,1] such that

P (x,dy) ≥ αν(dy) for every x.

Then, for all initial states x, y and all n ≥ 1,

dT V (L(X
x
n),L(X

y
n)) ≤ 2(1 − α)n.

3.4 Hawkes processes
Let (Nt) be a point process with N0 = 0 and predictable stochastic intensity

λt = µ + ∫
(0,t)

ϕ(t − s)dNs, t > 0, λ0 = µ,

where µ ≥ 0 and ϕ is a non-negative continuous kernel. We assume that there are no events before
time zero. The open endpoint at t excludes the current spike: the intensity uses only the spikes
strictly before t. Consider the exponential kernel

ϕ(s) = αe−βs, s ≥ 0, α ≥ 0, β > 0.

Define the cadlag state
Yt ∶= µ + ∫

(0,t]
αe−β(t−s)dNs.

Then Y0 = µ and λt = Yt− for t > 0, while

dYt = −β(Yt − µ)dt + αdNt.

Between spikes, Yt decays towards µ; at each spike, it increases by α. Thus Yt includes the current
spike, whereas λt is its value just before that spike.

Exercice 3.4.1. Show that (Yt,Nt)t≥0 is a Markov process and that its generator is

Ag(y, n) = −β(y − µ)∂yg(y, n) + y[g(y + α,n + 1) − g(y, n)],

for compactly supported test functions g ∶ R+ ×N → R that are continuously differentiable in y.
Hint: identify the deterministic flow, the jump rate and the state immediately after a spike.
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3.5 Filtering and parameter estimation
Fix a deterministic observation horizon T > 0. Throughout this subsection, all observation
times satisfy 0 ≤ t ≤ T . We start with the following theoretical result. Let (Ω,F , (Ft),Q) be a
probability space. Let P be a probability measure on FT , and denote by Pt,Qt the restrictions of
P and Q to Ft, for 0 ≤ t ≤ T . We assume that Pt ≪ Qt and denote by

Lt =
dPt

dQt
.

Let Zt be a real valued bounded process adapted to Ft. Let (Gt) be a filtration such that Gt ⊂ Ft.

Proposition 3.5.1. For 0 ≤ t ≤ T , it holds that P(dω) a.s.:

EP[Zt ∣ Gt] =
EQ[ZtLt ∣ Gt]

EQ[Lt ∣ Gt]
.

Proof. Take A ∈ Gt. We have by definition of condition expectation:

EP[1AEP[Zt ∣ Gt]] = EP[1AZt].

As dPt = LtdQt, we deduce that

EQ[1ALtEP[Zt ∣ Gt]] = EQ[1AZtLt].

Taking the conditional expectation with respect to Gt, we deduce that:

EQ[1AEQ[Lt ∣ Gt]EP[Zt ∣ Gt]] = EQ[1AEQ[ZtLt ∣ Gt]].

As this is true for all A:
EQ[Lt ∣ Gt]EP[Zt ∣ Gt] = EQ[ZtLt ∣ Gt].

Let now Ct the set:
Ct = {ω ∈ Ω ∶ EQ[Lt ∣ Gt] = 0}.

Then Ct ∈ Gt and so:
P(Ct) = EQ(1CtLt) = EQ[1CtEQ[Lt ∣ Gt]] = 0.

We apply this formula to the estimation of a hidden parameter. Let Θ be a Borel subset of
Rd, equipped with its Borel σ-field B(Θ). We start with a filtered probability space (Ω,F , (Ft),Q)
such that:

1. N is a standard Poisson process of rate 1 relative to (Ft): its future increments after t are
independent of Ft.

2. Λ is a Θ-valued, F0-measurable random variable of law m0, independent of the whole process
N under Q.

3. The observation filtration is Gt ∶= F
N
t = σ(Nu,0 ≤ u ≤ t), and we write FN = (FN

t ).
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We assume that the non-negative family

(t, ω, λ) z→ µt(λ,ω)

is measurable for P(FN)⊗B(Θ) on (0, T ] ×Ω×Θ. Thus, for each fixed parameter λ, the intensity
is a predictable function of the observed spike history. Any dependence on the unknown parameter
is through the argument λ; the random variable Λ is substituted only afterwards. For every λ ∈ Θ,
assume that ∫

T
0 µs(λ)ds < ∞ Q-almost surely. Define

Lt(λ) = ∏
τi≤t

µτi(λ) exp(t − ∫
t

0
µs(λ)ds) ,

where τi are the spike times of N , and assume that (Lt(λ))0≤t≤T is a true (Q,Ft)-martingale for
every λ. This holds, for example, if each process µ(λ) is bounded by a deterministic constant
C(λ) < ∞; a bound uniform in λ is not required. The joint measurability assumption ensures
that, for each t, (ω,λ) ↦ Lt(λ,ω) is FN

t ⊗B(Θ)-measurable.

Lemma 3.5.2. The process (Lt(Λ))0≤t≤T is a (Q,Ft)-martingale.

Proof. Since Λ is F0-measurable, the joint predictability assumption implies that µt(Λ) is (Ft)-
predictable. Independence of Λ and N gives

Q(∫
T

0
µs(Λ)ds = ∞) = ∫

Θ
Q(∫

T

0
µs(λ)ds = ∞)m0(dλ) = 0.

The density process L(Λ) is therefore a non-negative local martingale by the result preceding
Girsanov’s theorem. Moreover, for each t ≤ T , independence and Tonelli’s theorem yield

EQ[Lt(Λ)] = ∫
Θ
EQ[Lt(λ)]m0(dλ) = 1.

A non-negative local martingale is a supermartingale. Since its expectation is constant, the
conditional supermartingale inequality must be an equality, proving that L(Λ) is a true martingale.

We then define P on FT by:
dP = LT (Λ)dQ.

Under P, (Nt)0≤t≤T is a point process of stochastic intensity µt(Λ) on [0, T ]. The prior law of Λ
remains m0, since EQ[LT (Λ) ∣ Λ] = 1 by the same independence argument.

For a fixed t ≤ T , conditioning on FN
t fixes the observed spike history. Under Q, the

independent parameter Λ still has law m0. Joint measurability therefore gives, for every bounded
measurable ϕ ∶ Θ→ R,

EQ[ϕ(Λ)Lt(Λ) ∣ FN
t ] = ∫Θ

ϕ(λ)Lt(λ)m0(dλ).

Applying the Bayes formula above, with this identity for ϕ and for the constant function 1, yields

EP[ϕ(Λ) ∣ FN
t ] =

∫Θ ϕ(λ)Lt(λ)m0(dλ)
∫ΘLt(λ)m0(dλ)

, P-a.s.

The denominator is finite and strictly positive P-almost surely, as in the proof of the Bayes
formula.
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Application: estimation of the rate of a Poisson process

Let Λ a random variable of law m0. This is the prior distribution. Assume that, conditionally on
Λ, (Nt)0≤t≤T is a Poisson process of rate Λ on [0, T ]. We observe FN

t . We want to compute the
posterior distribution Mt = L(Λ ∣ FN

t ). By the result above; it holds that:

Mt(dλ) ∝ Lt(λ)m0(dλ)
∝ λNt exp(−λt)m0(dλ).

Example 3.5.3. Assume that m0 = Γ(α,β), that is:

m0(dλ) =
λα−1e−βλdλ

Zα,β
.

Then
Mt = Γ(α +Nt, β + t).

Therefore, the mean of Mt is (α+Nt)/(β + t). And the variance is (α+Nt)/(β + t)
2 = Mean of Mt

β+t
.

Application: the disruption problem

Let τ be a random variable of law E(θ), θ > 0. Let 0 < a < b. Let (Nt)0≤t≤T be a point process
with the following stochastic intensity on [0, T ]:

a + (b − a)1t≥τ .

We assume we only have access to FN
t . We want to estimate τ , given the observations FN

t . In
other word, we want to compute

Λt = P(τ > t ∣ FN
t ).

Let Mt = L(τ ∣ F
N
t ). It holds that

Mt(dλ) ∝ [aNte−at
1{λ≥t} + a

NλbNt−Nλe−aλe−b(t−λ)
1{λ<t}] θe

−θλdλ.

Therefore, we find that:

Λt =
∫
∞

t aNte−atθe−θλdλ

∫
∞

t aNte−atθe−θλdλ + ∫
t

0 a
NλbNt−Nλe−aλe−b(t−λ)θe−θλdλ

=
aNte−ate−θt

aNte−ate−θt + ∫
t

0 a
NλbNt−Nλe−aλe−b(t−λ)θe−θλdλ

=
1

1 + ( b
a
)

Nt
e−(b−a)teθt

∫
t

0 (
a
b
)

Nλ
e(b−a)λθe−θλdλ

.

We note that between two successive jumps, Λ solves an ODE. Indeed,

d
dt

Λt = −Λ2
t (
b

a
)

Nt

e−(b−a)teθt
[(θ − (b − a))∫

t

0
(
a

b
)

Nλ

e(b−a)λθe−θλdλ + (a
b
)

Nt

e(b−a)tθe−θt
]

= −Λ2
t [(

1
Λt
− 1) (θ − (b − a)) + θ]

= −Λt(θ − (b − a)) −Λ2
t (b − a)

= −θΛt +Λt(1 −Λt)(b − a).
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Let Zt = 1 −Λt = P(t ≥ τ ∣ FN
t ). Between the jumps, it therefore solves:

d
dt
Zt = +θ(1 −Zt) −Zt(1 −Zt)(b − a) .

At a spike time t, we denote the values before the spike by Λt−, Zt− and the values after the spike
by Λt, Zt (cadlag convention). We have

Λt =
1

1 + b
a
( 1

Λt−
− 1)

=
aΛt−

aΛt− + b(1 −Λt−)
.

Therefore, Zt = 1 −Λt satisfies:
Zt =

bZt−

a + (b − a)Zt−
.

In other words,

Zt −Zt− =
(b − a)Zt−(1 −Zt−)

a + (b − a)Zt−
.

Application: estimation of a parameter

Exercice 3.5.4. Let Λ be a random variable of distribution m0. Let (Vt) be the membrane
potential of a neuron, whose dynamics is given by

Vt = ∫

t

0
b(Vs)ds − ∫

t

0
Vs−dNs,

and (Nt) is point process of stochastic intensity Λf(Vt−). Assume we only observe the spiking
trains. What is

L(Λ ∣ FN
t )?
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