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MAA305 Markov Chains

(b)) Ae F = AcF
(c) (Ane FneN) = U, A, ¢ F.
The pair (X, F) is called a measurable space.
Example 1.2. Let I be a countable set. Then (I, P(I)) is a measurable space.

Example 1.3. The smallest o-algebra which contains all the open balls of RY is called the Borel
sigma-algebra. Its elements are called the Borel sets.

Definition 1.4. Let (X1,F1) and (X2, F2) be two measurable spaces. A function f: X, — Xo is
measurable if f~1(A) e Fy for all Ae F;.

Definition 1.5. We say that (2, F,P) is a probability space if (2, F) is a measurable space and
P:F - [0,1] is a function such that:

« P()=1,P(w)=0.
o Given a sequence (Ay)n of pairwise disjoint events, A, € F, we have P(U, 4,) = ¥, P(4,).

The elements of F are called the events and P is a probability measure. We recall that for
any sequence of events (A4,), it holds that

P(UAn) < 3 P(An).

Definition 1.6. Let (X,£) be a measurable space. A function Y : Q — X which is measurable is
called a random variable.

Let Y : Q - X be a random variable. For B € £, we denote
{YeB}:=Y ' (B)={weQ:Y(w)eB}.

Finally, given Y : 2 — X a random variable, its distribution (or law) is the probability measure
on (X, &) defined by
w(B)=P(Y eB), VBeC&.
Assume now that X = R. To every non-negative or integrable real-valued random variable
Y is associated an expectation E(Y), which is the integral of Y with respect to P. Given A € F,
we denote by 14 the following random variable:

1 fweA

0 otherwise.

]lA(w) :{

We have E(14) = P(A). We also recall that expectation is linear: E(aX + 8Y) = aE(X) + SE(Y).

Example 1.7. Given a countable state space I, a random variable Y : Q — I models a random
state with distribution:

Ai=P(Y =i)=P{w:Y(w) =i}).
Let f:1—[0,00]. The expectation of Z = f(Y) = foY is explicitly given by

E(f(Y)) =2 f()A.

iel
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Independence

Definition 1.8. Let A; € F i€l be a family of events. We say that they are independent if for
any finite subset of indices J c I, it holds that

B(4)) = [TB(A)).

jeJ jeJ

Let (X;,&;),1 €I be a family of measurable spaces. For alliel, letY; : Q2 - X; be a random
variable. We say that the random variables Y;,i € I are independent if for any finite subset J c I,
for all Bj € &;, j € J, we have

P(({Y; € B;}) = [ P(Y; € B)).

jed jed

Conditional probability

Finally, let B € F be an event with P(B) > 0. We recall that for any A € F, the probability of A
given B is defined as:
P(An B)

P(B)

We verify that F 3> A~ P(A | B) is a new probability measure on (€, F).

P(A| B) =

The strong law of large numbers

Finally, we recall the strong law of large numbers. Let (2, F,P) be a probability space. Let
(Xn)ns0, Xn : Q > R, be a collection of independent random variables. Assume that all the
variables have the same distribution. Assume that E|X;| < co. Then

N4

n—oo0

This means that there exists A € F with P(A) =1 and
. 1 n
Vwed, lim =) X;(w)=E(Xy).

We say that there is almost sure convergence.

2 Definition of Markov Chains and basic properties

Let I be a countable set. Each i € I is called a state. A function A: T — [0, 00) is a measure on I.
If the total mass is equal to 1:
A =1,

iel
then we call A a distribution (or probability law). If X is a random variable taking values in I,
its associated distribution is
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We say that a matrix P: (P;; :1,j € I) is stochastic if every row is a distribution, that is:
Vie I, Z Pij =1.
jel
Let (9, F,P) be a probability space.

Definition 2.1. A discrete time stochastic process is a collection of random variables (X, )ns0
defined on the same probability space.

“A Markov chain is a stochastic process for which the future evolution only depends on
the past through the current state.”

Definition 2.2. Let A be a distribution on I and P a stochastic matriz. Let (X, )ns0 be a
sequence of random variables taking values in I. We say that (X,,) is a Markov chain with initial
distribution A and transition matrixz P if, for all n >0 and all ig, -, i, € I,

P(XO = iO?”'aXn = Zn) = Aigf)ioil"'P

in—1%n "
For n =0, the product of transition probabilities is empty and equals 1, so this identity reads
P(Xo =1ip) = iy -

We write MC(), P) in short. The following theorem gives an equivalent formulation in

terms of conditional probabilities.

Theorem 2.3 (Conditional Markov property). Let A be a distribution on I and P a stochastic
matriz. A sequence (X, )ns0 of random variables taking values in I is an MC(X, P) if and only if
the following two conditions hold:

(a) P(Xo=1)=X\; for everyiel.
(b) For every n >0 and every ig, -, in € I such that
P(Xo =19, -, X =1ip) >0,
we have, for every jel,
P(Xns1 =7 | Xo=1t0,Xn=1n) = P, ;.

Proof. For a history i, i,, write A, = {Xo =149, ", Xy = in}. Assume first that (X,) is an
MC(A, P). Condition (a) is the case n = 0 of Definition Applying the defining identity at
times n and n + 1 gives
P(An N {Xn+1 = j}) = P(AH)PM]

Whenever P(A,) >0, dividing by P(A,,) proves (b).

Conversely, assume (a) and (b). We prove the identity in Definition [2.2| by induction on
n. For n =0, it is precisely (a). Suppose it holds at time n and fix ig, -, ip41 € I. If P(A,) >0,
condition (b) gives

I[D(A'rw—l) = P(An)P(XTH—I = Zbn+1 | An) = IED(ATL)Pinin+1'
If P(A,) =0, the identity P(Ay+1) = P(Ay) P, 4,,, still holds: both sides are zero, since A,,41 ¢ A,,.
In either case, the induction hypothesis yields

P(Ap+1) = Nig P P,

ot ining1o

which completes the proof. O
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Condition (b) says that, given a history of positive probability, the distribution of the next
state depends only on the current state.

Example 2.4. Susie lives in London and has an umbrella and every day travels from home to
office in the morning and from office to home in the evening. For each trip, she takes the umbrella
if it is available and if it rains. If it does not rain, the umbrella stays where it is. At each trip,
the probability of finding rain is p.

o If Susie and the umbrella are both at home or both at the office, then Susie takes the umbrella
iff it rains.

o If Susie and the umbrella are at different places, she does not take the umbrella.

Let Cy, ={ it rains during n-th trip }; (C,) are independent events with P(C,,) =p. Let

X - {1 if Susie and the umbrella are at the same place at time n
n

0 otherwise .

We have:
¢ Xpi=1if X,=0.
e Xpn1=1ifX,=1andC,.
e X,41 =014 X,, =1 and it does not rain.

Therefore, P(Xp41=1] X, =0) =1, P(Xp41 =1 |X, =1) =P(Cy) =p. We deduce that (X)), is
a Markov chain on I ={0,1}, with transition matriz

0 1
B .
(1_p p)

Graphical representation:

© (D=

I-p
Assume that at time n =0, Susie and the umbrella are at the same place. It holds that
P(X,=0] Xo=1)=(P")10.

Let Sy, = {it rains at trip n and Susie has no umbrella}. Then P(S,) =P(X, =0,C,) =P(X, =
0)P(Cy) = p(P")10-

For i € I we denote by §; the Dirac distribution defined as:

5:(9) = {1 he

0 otherwise.
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Theorem 2.5. Let (X,,) be an MC(\, P). Then, conditional on the event X, =1, (Xonin)nso 8
an MC(6;, P) and is independent of (Xo, -, X )-

Proof. Recall that P(- | X,,, = i) defines a new probability measure. The statement of the theorem
says:
(a) For this new probability measure, (Xp+m )n is an MC(0;, P). That is:
P(Xm =ty Xman = bman | Xm = Z) = 5i(im)Pim,im+1"'P

tn+m-1tn+m *

(b) Under this new probability measure, the two random variables (X,,1m )ns0 and (Xo, -, Xpm)
are independent. That is:
P((Xn+m)n20 € Bly(X07"'aXm) € By | Xm = Z) =
IP)((AXn-Mn)nzO € By | Xm = Z-)]P)((X'Oa"'me) € By | Xm = Z)
Let A be the event
A= {XO = Z‘07"'32(171 = Zm}
We prove that for all n >0,

IP)({)(ﬂ%:iﬁ"u"'y)(ﬂfwn=Z‘m+n}ﬁA | szl) :(sz(lm)PZ P,

tm+n-1tm+n

P(A | X, =)

mlm+1
We admit that this implies the two points above. We have to show that
P(Xo =i0, Xmtn = bmn, Xm = P - P(Xo =0 X = i, X = 1)
P(X,, =1) frenettmen P(X.n = 1) ‘
But this is true by Definition 2.2} O

) =0;(im)P;

mim+1’

Given P a stochastic matrix and A a measure, let

(AP);j =2 NPy, (P?)ij =Y. PPy
el kel

We verify that P? is a new stochastic matrix. We define by induction P™. By convention,
(P%);; = 0;(j) (identity matrix). In the case where \; > 0, we write:

Pi(A)=P(A| Xo=1), AelF.
By the Markov property at time 0, under P;, (X, )ns0 is an M C(d;, P).
Theorem 2.6. Let (X,,) be an MC(\,P). Then for all n,m >0,
(a) P(Xn =j) = (AP");
(b) Pi(Xp =j) =P(Xnsm =J | X =) = (P")y;-
Proof. By Definition we have

]P(anj)z Z IP)(*)(*022107"‘)(7%1 =ip-1,Xn =J)
o€l ip_1€l
= Nio Pigiy -+ Pi,_y
10€l, - ip_1€l
=(AP");.

Second, by the Markov property, conditional on X, =i, (X,n4n)ns0 is an M C(d;, P) so we take
A = ¢; in the first point to obtain the result. O
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3 Simulation of trajectories on a computer

It is easy to sequentially simulate a trajectory of a Markov chain on a computer. First draw
a random variable Xy ~ A, this serves as the initial condition. Then, draw sequentially X1 ~
(Px,j.J € I). We will see during the tutorial classes algorithms to do that efficiently. Assume
now that you have generated N independent trajectories (XP),p € 1---N,n € 0--npax. Our goal
is to evaluate the probability that some event occurs. For instance, say we want to evaluate
P(X =1). By the strong law of large numbers, it holds that with probability 1,

Mmax

1 N
hm -— ]]. P - :]E]]. Xpoo =1 :P(Xnmax :1)
A 2 Lo = Bl e,

This shows that for N large enough,

1 N
<~ 2 Yy A P(Xn,, = 1)
N pgl { max }

The error can be estimated using the central limit theorem. This powerful and simple method to
estimate probabilities of various scenarios is known as the Monte-Carlo method. The alternative
deterministic method to evaluate this probability is to use

P(X,,... = 1) = (AP™™),,

Mmax

which requires computing P to the power nmax.

4 Class structure

We say that ¢ ~ j (i leads to j) if
Pi(3n: X, = j) > 0.

We say that ¢ < j (i communicates with j) if both i ~ j and j ~ 4.
Theorem 4.1. Leti,jel, i+ j. The following are equivalent:

(a) i~j

(b) In,Jig,,in such that P, P,

In-1%n

>0 with ig =1 and i, = j.
(c) (P™)i; >0 for somen >0.
Proof. We have:

(P™)ij = Pi( Xy = j) <Pi(3n: Xy = j) = Pi(lU{Xn = j}) < 2 Pi( X =) = 2 (P")is-

So (a) and (c) are equivalent. As (P");; =% ~P;, .;, (b) and (c) are also equivalent.

O

81, -1 Pwl :
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By the property (b), if i ~ j and j ~ k then ¢ ~ k. In addition, ¢ ~ i, so < is an equivalence
relation on I. Therefore, we can consider the equivalence classes associated to this relation. We
call them the communicating classes. We say that a class C is closed if

i€Cli~vj = jeC.

A closed class is a class for which there is no escape. We say that a state i is absorbing if {i} is a
closed class. Finally

Definition 4.2. We say that a Markov chain is irreducible if I is a single class.

5 Hitting times, absorption probabilities

Let (X,,) be an MC()\, P) on the probability space (Q, F,P). Let A be a subset of I. We define
the random variable H* : Q - Nu {co} as

H*(w) =inf{n>0: X, (w) € A},

with the convention that inf @ = co. We then consider:
ht =P;(H” < ).

Theorem 5.1. The vector (hi',i e I) is the minimal non-negative solution of the system

{hiA =1, foriceA

hit =% Pht fori¢ A
Proof. If Xo=i€ A, then H* =0 and so hiA =1. If i ¢ A, we have, using the Markov property:
ht =Py (H < o)
= ZR‘(HA <oo | Xy =j)Pi(X1=7)

gel
= ZIP](HA < OO)PZ] = Zh;‘PZ]
jel jel

Let  be a non-negative solution of this system. We have hi* = x; =1 for i € A. Let i ¢ A. We have

xT; = ZPlJ+ZPZJ$j

jeA JEA
= Z Pij + Z Pijpjk + Z Hijk:rk

jeA J¢A ke A JEAkEA
:Pi(XleA)+Pi(X1¢A,X26A)+ Z F)iijka~

JEAKEA
By induction, we deduce that
xT; = Pl(Xl € A) +]PJZ‘(X1 ¢ A,XQ € A) + -+ ]P7(X1 ¢ A,"',Xn_l ¢ A,Xn € A)

+ > Py PP,
j17~--jn¢A

By assumption, the last term is non-negative so z; > P;(H* < n). We let n - oo and obtain
x; > Py (HA < 00) = A O
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Example 5.2 (The gambler’s ruin). Let p € (0,1). Consider the Markov chain defined on
I=N={0,1,2,---} with transition probabilities given by

Vie {1,2,"'}, -Pi,i+1 =D, Pi,i—l :1—p, and PO():]..

Let g=1-p. Set h; =P;(hit 0), the probability of losing everything, starting with an amount of
money t. It is the minimal non-negative solution of

ho=1
hi=phi+1 +qhi_1 fOTiE {1,2,-"}.

If p # q, any solution of the last equation has the form h; = A+ B(q/p)t. If p < q, then h; <1
forces B=0 and so h; =1. If p> q, since ho = 1, we find h; = (q/p)* + A(1-(¢/p)*). The minimal
non-negative solution is thus h; = (q/p)*. Finally, if p = q = 1/2, the general solution is h; = A+ Bi.
We find that B=0,A=1 and so h; = 1.

6 Stopping times and the Strong Markov property
Let (92, F,P) be a probability space and (X, ) be an MC(\, P) on this space.

Definition 6.1. A random variable T : Q — {0,1,2,---} u{oo} is called a stopping time if for all
n >0, there exists a deterministic function F, : I"** - {0,1} such that

Vn, ]]-{T:n} :Fn(XOaXla'”,Xn)'

Intuitively, that means that by watching the process up to time n, you know if the event
occurs by time n or not.

Example 6.2. The first hitting time H* = inf{n > 0: X,, € A} is a stopping time because
{HA=n} = {Xo¢ A, X1 ¢ A, X1 ¢ A X, € A}.

Example 6.3. The last exit time L* = sup{n >0: X, € A} is not in general a stopping time,
because the event {L* =n} depends on whether (Xpim)ms1 visits A or not.

Theorem 6.4. Let (X,,) be an MC(\, P). Let T be a stopping time for (X,,). Then, conditionally
on {T < oo, X7 =i}, it holds that (X,+1)ns0 is an MC(6;, P) and independent of Xo,-, Xr.

Proof. Recall that P(-) = P(- | T < oo, X7 = i) defines a new probability measure. The theorem
says:

(a) For this new probability measure, (X,+7), is an MC(6;, P). That is:
P(X1 =0, X7en = in) = 6:(i0) Pigiy = Pir_yin-
(b) Under P, the two random variables (X7 )nso and (Xo, -, X7) are independent. That is:

ED((Xn+T)n € Bla (XOa "'7XT) € BQ) = ]?)((XnJrT)n € Bl)P((XOa "'7XT) € BZ)
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We only prove the first point. We have to prove that

]P)(XT = ’L'(),"',XTJrn = Zn,T < OO,XT = ’L) = ]P(XT = Z,T < oo)5i(i0)13ioi1"'Pin_1in~

=p

By the law of total probability,

b= Z ]P)(Xm = iOy"'7Xm+n = Zn7Xm = Z,T = m)

m>0
In addition, by assumption, {T = m} = {F,,,(Xo, -, X;m) = 1}. Therefore,

b= Z IP>()(m =140, Xman = inaFm(X07”'aXm) =1 | X = Z)P(Xm = Z)

m20

At this point, we use the Markov property (Theorem [2.5). We find that under P(- | X,, = i),
(Xm+n) is an MC(d;, P) and is independent of (X, -+, X,,). Therefore,

p= > 6i(i0) Pigir P11, P(Fp (X0, -+, X)) =1 | Xy = ))P( X, = ).

m20

Using that P(Fy(Xo, Xm) = 1| Xpn = ))P(Xm = i) = P(T = m|Xpm = )P(Xpn = i) = P(T =
m, X, = 1), we find that

p= (Si(iO)-Pioil"'Pin,lin]p(XT = i, T < OO)7
as required. O

Example 6.5. Let’s go back to the gambler’s ruin problem. Recall that the Markov chain is
defined on I =N ={0,1,2,---} with transition probabilities given by

Vi€ {172, }, ,ZDZ"Hl =D, Pi,i—l =1 -Dp, and Poo =1.
Again assume 0 <p <1 and write ¢ :=1—-p. Set:
H;=inf{n>0,X, =j}.

We have already computed
L ifqzp
alp  ifa<p.

We now want to compute the complete distribution of Hy under P1. To do so, we consider the
generating function for s €[0,1):

#(s) =Eq(sT0) = > s"Pi(Hp =n).

n<oo

PI(HO < OO) :{

We use the conventions s =0 and s° = 1, including when s = 0. Suppose first we start at 2. To
reach 0, we must first reach 1. Define the remaining hitting time by

I inf{n>0:Xpg, 4, =0}, if Hy <oo,
2o, if Hy = 0.

10
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Then Hy = H, + Hy under Py, also when Hy = oo. Let P(-) = Py(- | Hy < o). Since st =0 on
{Hl = Oo}; _ ~
Eys™0 = B[sH1sH0 Py (Hy < 00).

Under P, we have

Hy =Y nlxgst, o X, 1#1,X,-1-
n>1

Thus Hy is determined by the stopped past. By the strong Markov property, under P, (Xon+H, )nz0
is independent of Hy. Since Hy depends only on this shifted process, Hy and Ho are independent
under P. Hence

Eqysfo = ESHIESHOIPQ(Hl < 00).
Under P, (Xp.m,) is an MC(6,,P), so
Esfo = E; 50 = o(s).

Finally, Es™Py(H, < 00) = Eos™ = ¢(s), exploiting the invariance by translation of the problem
(reaching 0 from state 1 is the same as reaching 1 from state 2). Altogether, we have

Eos™0 = ¢2(s).

Assume now we start at 1. We apply the Markov property at time 1. We find
B(s) =E s =E [s' | X1 = 0]P1 (X1 =0) + Eq[s7° | X1 =2]P(X; =2)

= gs + psEysto.

We used that Hy =inf{n>0:X, =0} =1+inf{n>0: X,.; =0}, and under P(-) =P, (- | X; = 2),
(Xn+1)n is an MC(02, P). Altogether, we find that

o(s) =sq+ sp¢2(s) .

For 0 < s < 1, the polynomial psu® —u + qs has positive leading coefficient and takes the value
s=1<0 at u=1, so its larger root is greater than 1. Since ¢(s) <1, we obtain

¢(s):1_— V1 - 4pgs? (0<s<1),

s 6(0) =0.

We expand ¢ as a power series in s. We find:
B(s) = qs + pg°s® + 2p2¢s° + 5pPqts™ + 14p*®s® + O (311) .
So, for instance:
Pi(Ho=1)=q, Pi(Ho=3)=p¢®, Pi(Ho=5)=2p¢", Pi(Ho=T)=5p"¢",

and so on.

11
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7 Recurrence and transience

Definition 7.1. Let (X,,) be a Markov chain with transition matriz P.

(a) A state i is recurrent if
P;(X,, =i for infinitely many n ) = 1.
(b) A state i is transient if
P;(X,, =1 for infinitely many n) = 0.
The first passage time to state ¢ is
T,=inf{n>1:X, =1}, (inf@=o0).
We define similarly by induction the r-th passage time to state i by:
7 =0, TV =inf{n>1+T": X, =i}

In addition, we consider the length of the r-th excursion

T.E{laQa'"}a S(T) =

’L

{Tz(r) _ T;(T_I) if T;(T_I) < 00

0 otherwise.
Lemma 7.2. Conditional on Ti(r_l) < 00, Si(r) is independent of (X, ~~~,XT_<T_1)) and
P(ST) =n | T < 00) = Py(T; = n).

Proof. Let T = Ti(rfl). It is a stopping time. It holds that X7 =i on 7' < co. Therefore, on
P(:) = P(- | T < o0), by the Strong Markov property, it holds that under P, (Xr7.,), is an

MC(6;, P) which is independent of (Xg, Xy,--X7). As SZ-(T) = inf{n > 1, X7, = i}, SZ-(T) is
independent of (X, X1,--, X7) and

B(S") = n) = Py(T; = n).

Let V; be the total number of visits to the state i:

Vi= ) Lix,-i)-

n>0

We have
EiVi= Y Pi(Xp=i)= > (P")i.
n>0 n>0

Lemma 7.3. Let f; =P;(T; < 00). Then it holds that for all v =0,1,--, we have

Pi(Vi>r)=(f)"

12
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Proof. Assume that Xy =4 then {V; >r} = {Ti(T) < oco}. We prove the result by induction on r.
We have using the previous lemma,

Pi(Vi > r+1) =Py(T < o0)
= ]P’i(Ti(T) < 00, Si(”l) < 00)

=Pi(S < o0 | T < 00)Py(T" < 00)
=Pi(T; < 00)Pi(Vi > 1) = fi(fi)"-

As the result is obviously true for r = 0, we are done. O

Recall that for any non-negative random variable V',

ZP(Vw):i S BV =n)

r=0n=r+1
oo n—1 )

= Z Z]P’(V:n): ZnIF’(V:n):EV.
n=1 r=0 n=1

Theorem 7.4. We have
(a) if Pi(T; < 00) =1 then i is recurrent and Y oo (P™);; = co.
(b) if Pi(T; < 00) <1 then i is transient and Yo o(P™)i; < 00.
In particular, each state is either transient or recurrent.

Proof. Assume P;(T; < o0) = 1, then P;(V; = 00) = lim, o P;(V; > 7) = 1: ¢ is recurrent. In
addition,

Ei(V;) = 00 = ;(Pn)n-
Suppose now that f; = P;(T; < 00) < 1. Then E;V; = X202, (f;)" = ﬁ < 00. By Markov’s inequality,
Pi(V; > 7) < 2E;V;. Take the limit r - oo:
P;(V; = 00) = 0.
Therefore, ¢ is transient. O

Lemma 7.5. Let C' be a communicating class. Then either all states in C are recurrent or
transient.

Proof. Assume that i € C' is transient. Let j #i € C. As i~ j and j ~ 4, there exist n,m > 0 such
that (P"™);; >0 and (P™);; >0. Let r >0, we have

(P )i 2 (P™)ii (PT) 15 (P™) i

SO
S, 1 &
(PT)gi (P7+n+m)ii<00,
7;) (P (P 7;)
so j is also transient. O

13
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Definition 7.6. A communicating class is recurrent if it contains a recurrent state. A communi-
cating class is transient if it contains a transient state.

Theorem 7.7. FEvery recurrent class is closed.

Proof. Let C be a class which is not closed. So there exists i € C and j ¢ C such that ¢ ~ j. There
exists m > 1 such that
]P)i(an = j) > 0.

Then,
P;(X,, =i for infinitely many n) < P;(X,, = ¢ for infinitely many n, X,, = j)
+P;(X,, =1 for infinitely many n, X,, #j) = A+ B.
It holds that A < P;j(X,, = j,In: Xy = 1) = Pi(In: Xy =0 | Xy = J)Pi( X = j) = P;(T; <

00)P; (X =7). Asj ¢ C,P;(T; <o0) =0andso A=0. Inaddition, B <P;(X,,, #j) = 1-P;(X,, =
j)<1. So A+ B <1, therefore i (and so C) is transient. O

Theorem 7.8. Every finite closed class is recurrent.

Proof. As C is closed and finite, there exists at least one state ¢ such that
p:=P(X, =4 for infinitely many n) > 0.

Otherwise, we would have
P(AN:Vn>N, X, ¢C) =1,

but this contradicts the fact that C is closed... By the strong Markov property, p = P;(X,, =
¢ for infinitely many n)P;(T; < 00). As P;(X,, = for infinitely many n) > 0, ¢ is not transient. So
i and C are recurrent. O

Theorem 7.9. Let P be irreducible and recurrent. Then for all j € I, we have P(Tj < 00) = 1.

Proof. By the Markov property, P(T; < 00) = ¥;.; P(Xo = 9)P; (T} < o0). We prove that P;(T; <
o0) =1 for all ¢. Let m such that (P™);; >0. We have

1=P;(X,, =j for infinitely many n)
=P;(X,, =j for somen >m+1)

=Y Pj(X, =j for some n>m+1|X,, =k)P;(X,, = k)
kel

= 2 Pu(Tj < 00)(P™) .
kel

We used the Markov property to obtain the last line. Because, Y.1.;(P™),x = 1, we must have
PZ(T] < OO) =1. O

14
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8 Invariant distributions

We recall that a measure A is any row vector (\;,4 € I) with A; >0 for all ¢ € I.
Definition 8.1. We say A is invariant if AP = \.

Theorem 8.2. Let (X,), be an MC(\, P), and assume that A is invariant for P. Then
P(X,, =1) = \; for all n. In that case, the distribution of (X,,) is invariant with respect to time.

Proof. We have P(X,, =) = (AP™); = A;. O

We start with a not very useful result; but it does explain the methodology we will use to
construct invariant measures.

Theorem 8.3. Assume I is finite. Assume that there exists i € I such that
VjEI, lim(P”)ij:Wj.
n—>00
Then m = (m;,7 € I) is an invariant distribution of P.

Proof. We have
> @ = lim ZPZ =1.
gel

jgeI n—ee
And:
Ty = lim (Pn+1)ij = lim Z(Pn)zkpk] = Zﬂ'kpkj-
nmee 70 kel kel
We used that I is finite to exchange the limits and the sums. O
Example 8.4. Let
0 1 0
P=|10 1/2 1/2
/2 0 1/2
We look for an invariant distribution of the Markov chain m, such that m = nP, that is:
1
T = 571'3

o =T1 + =72
2

1 1
T3 = 57‘(‘2 + 571’3.

In addition, we want m + 7o + 73 =1. We find
m=(1/52/5 2/5).
Fix a state k. Recall Ty, =inf{n >1: X,, = k}. We consider:

i Th—1
Vi =Ex ) Lix,-i)-
n=0

This is the expected number of visits to state ¢ before the return to state k.

15
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Theorem 8.5. Let P be irreducible and recurrent. Then
(a) v =1;
(b) 7% = (7F,i e I) satisfies P =~*;
(c) 0<AF < oo,
Proof. (a) We are OK as under Py, Xg =k and X,, # k for all ne {1,---, T, — 1}.

(b) Note that {n < Ty} = {X1 # k, X2 # k,-X,1 # k}, and this event only depends on
{X1,"+, Xn-1}. We apply the Markov property at time n— 1. Under P(-) = Pr(- | Xp-1 = 1),
it holds that (X,+(,-1)) is an MC(d;, P) which is independent of (Xo,--X,-1). So

P(Xp =jin<Th) =P(X(n-1)s1 = 5, X1 # kX1 # k) = P P(n < Ty,).
Therefore,

Pr(Xp =4,n < T, Xpo1 =4) = P(X,, = j,n < T )Pr( X1 = 1)
= P”]P’k(n <Ty, Xnq = Z)

P is recurrent, so under Py, T}, < co and X7, = k with probability one. So

8

’YJ]? =E Lix,=jn<Ti)

3
1l
—

Pk(Xn =J3n<Tp, Xpo1 = ’L)

Nk

1

.
m
~
3
Il

M8

PijPy(Xp-1 =4,n <T})

.
m
~
3
Il
—_

Tr—-1
i B ZO Lix,,=i}

k
ij Vi -

I
§s|

€

=
~

T

€

©
~

So v* = 4* P as claimed.

(¢) Let i € I. P is irreducible so there exists n,m > 0 such that (P™);; >0 and (P™)g; > 0. We
have v = v*P™ s0
V=Y (P™) v = (P )rivk > 0.
jgel

As ¥FP™ = 4% we also have

L= = Y (P™") ey > (Pt
gel

50 7} < 1/(P™)ik < oo.
O

Theorem 8.6. Let P be irreducible and let A be an invariant measure for P with A\, =1. Then
A >~k If in addition P is recurrent then A = y*.

16
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Proof. Let j € I, we have:

Aj= 20 Xy Piyj

i€l
=Pij+ ), iy Piyj
i1#k
= Z /\i2Pi2i1Pi1j + ij + Z Pkilpilj
ilik,izik i1k

= Y AP, P+ (ij + ) Pey Pty Pkinl"'Pz‘znPilj)~

ivthoin 2k i1k i1k ino1#k
So
Aj 2 Pr(Xy =5, T 2 1) + Pr(Xo = j, Tie 2 2) + -+ Pe(X = j, Th 2 1)
=Ey Z{Ll ]l{Xi=J'aTk?i}
That is:
min(7Tk,n)
N2Er Y Lix,oy
i=1

We let n - co and find A; > ’y]]?. Assume now that P is recurrent. Then v* is also an invariant

measure by the previous theorem. So p = A —~+* is an invariant measure. Fix i ¢ I, as P is
irreducible, there exists n such that (P™);; > 0. Therefore,

0=pu =, 1 (P")ji > i (P™ )ik,
jgel

so w; = 0. O
Recall that a state i is recurrent if
P;(X,, = for infinitely many n) = 1.
We have seen that this is equivalent to P;(T; < o0) = 1.
Definition 8.7. We say that a state i is positive recurrent if the expected return time
m; = Ei(T3)
1s finite. A recurrent state with m; = oo is said to be null-recurrent.
Theorem 8.8. Let P be irreducible. Then the following are equivalent:
(a) All the states are positive recurrent.
(b) At least one state i is positive recurrent.
(¢) P has an invariant distribution, denoted by .

Under one of these three conditions, it holds that m; = 1/m;.

17
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Proof. We first prove that (b) implies (c). As i is positive recurrent, ¢ is recurrent, so P is
recurrent. So * is an invariant measure. Note that

Y =Ei Y, Lix,en = BT < oo.
kel n=0

g o . . L
O Tj =g, 1san invariant distribution.
We now prove that (c) implies (a). Let k € I. As P is irreducible and the m; sum to 1, we
have
T = Zﬂ'z‘(Pn)ik > 0.
iel
So \; = m;/m satisfies A, = 1 and so for all i, \; > ’yf. Therefore,

=St L o,
iel iel Tk Tk

so k is positive recurrent.

In fact, when one of the three conditions holds, P is recurrent, so we have \; = ’yf and so

mp = —.
Tk

9 Convergence to equilibrium

Our goal is to investigate the limit (P™);; as n goes to infinity. If the state space is finite and the
limit exists for all j then we have seen that the limit should be the invariant distribution. But
the limit does not always exist! The problem comes from periodic behaviors and lack of mixing.
Consider for instance:
0 1
b))

Then P?" =1 and P*"*' = P. So (P™);; does not converge as n goes to infinity.

Example 9.1.

This periodic effect is an obstacle to convergence and motivates the following definition.
Definition 9.2. A state i € I is called aperiodic if (P™)y >0 for all sufficiently large n.
Exercise 9.3. Show that a state i is aperiodic if and only if

ged{n>0:(P"); >0} =1.
Hint: first note that if (P™);; >0 then (P™);; >0 for all integers k > 0.

Lemma 9.4. Suppose that P is irreducible and has an aperiodic state i. Then for all states j,k,
(P™)jk >0 for sufficiently large n. In particular, all states are aperiodic.

18
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Proof. There exist r,s > 0 such that (P");; >0 and (P*);; >0 so
P > (P7)ji(P™)ii(P*)a > 0,
for n large enough. O

Theorem 9.5. Let P be irreducible and aperiodic. Suppose that P has an invariant distribution
m. Let X be any distribution and (X,) be MC(\, P). Then,

]P)(Xn:j)*'ﬁja g,sn—)OOfOT’ all]
In particular, (P™);; - for alli,jel.

Proof. Let (Y,) be an MC(x, P) independent of (X,,), defined on the same probability space
(Q,F,P). Let be I be fixed (this serves as a reference state) and let

T=inf{n>1:X, =Y, =b}.

Step 1. We prove that P(T < o0) = 1. Let W,, = (X,,,Y,). Note that (W,,) is a Markov chain on
I x I with transition probability

Plipy, iy = Pig Pa,
and initial condition p(; r) = \imk. As P is aperiodic, we have
Pl iy = (PMig (P >0,
for n large enough, so P is irreducible. Also, clearly,
T(ik) = TiTk,

is an invariant distribution for P. So P is positive recurrent, in particular recurrent. We
deduce that P(T < o0) =1, as T is the first passage time of the state (b,b) of (W,,).
Step 2. Set
7 X, ifn<T
" Y, otherwise.
We show that (Z,) is an MC(A, P). Indeed, as the event {T' < n} only depends on
{(X0,Y0),+, (Xn,Yn)}. So, by the Markov property at time n applied to (W,,), we have
]P)(ZnJrl :j | Zn = i7Zn—1 = Z'n—lu ) ZO = ZO)
An
=P(Zpi1=J | Zn=0,An, T<n)P(T <n)+P(Zps1=7 | Zn=1,An,T>n)P(T >n)
=P(Yns1=J | Yu=0,A,T<n)P(T<n)+P(Xpy1 =7 | Xn=104,,T>n)P(T >n)
= PZJP(T < Tl) + BJP(T > TL) = Pij7
hence (Z,,) is an MC(A, P). We used that
P(Yps1=j|Yn=i,40,T<n) =Y PV =4 | Yn=0,X, =k, Ay, T <n)P(X,, = k)
gel

= 3 Py (Wh = (G, 0)P(Yy = k)
l,kel

= Pyj.
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Step 3. We have P(Z,, =j) =P(X,,=j,n<T)+P(Y,=j,n>T) and
7 =P(Yp =5) = P(Y, = j,n>T) + (Y, = j,n<T).
So
[P(Xn = j) —mj| = [P(Zn = j) —
<P(Xp=3,T>n)+P(Y,=5T>n)
<2P(T > n).
AsP(T >n) > P(T = o0) =0, we deduce the result.
O

It is important to understand why the above proof fails when the chain is not aperiodic.
For that, we go back to the Example and note that with probability 1/2, (X,,Y},) never meet.

10 Time reversal

Theorem 10.1. Let P be irreducible with an invariant dz’stz‘ibutz’on 7. Suppose that (X,,)o<neN
is an MC(m,P). Let Y, = Xy_pn. Then (Y,,) is an MC(n, P), where:

A

ijji = ﬂiPij.
In addition, P is also irreducible, with invariant distribution .
Proof. First, P is a stochastic matrix. Indeed, as 7 is invariant for P, we have
N s
> Pii=) —Py=1.
iel iel j

As P is a stochastic matrix,

> miPji= Y miPij = mi.
jeI jeI

We deduce that 7 is an invariant distribution for P. In addition,

P(Yy =i, Y1 =1, YN =in) = P(Xn =0, Xno1 =1, Xo = iN)

= Pi1i0]3i2i1"'PiNiN-17TiN

Tio 5 i1 £ Tin-1 5
= ‘Pioil Pilizn.ipiN—liNﬂ—iN
1 12 iN
~ A ~
= ﬂ-iopioilphizmpiz\uliz\f'

We deduce that (Y},) is an MC(W,I:’). Finally, as P is irreducible, for each pair ¢,j € I, there
exists ¢ = 49,91, ", tn-1,%n = J such that

PZ‘M‘1~“P > 0.

Tn-1,in

So,

A A

Pil;io > 0,

In,tn-1

as well. O
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Definition 10.2. A stochastic matriz P and a measure A are said to be in detailed balance if:
/\iPij :/\iji, Vi,jEI.
Lemma 10.3. If P and ) are in detailed balance, then X\ is invariant for P.

Proof. We have

(AP)i =2 AjPji= ) AiPij = Xi.
jel jel

O

Let (X,,) be an MC()\, P) with P irreducible. We say that (X,,) is reversible if for all
N 20, (Xn_p) is also MC()\, P).

Theorem 10.4. Let P be an irreducible stochastic matriz, and A be a distribution. Let (X,,) be
an MC(\, P). Then the two following are equivalent:

(a) (X,) is reversible
(b) P and X\ are in detailed balance.

Proof. If (XQ) is reversible, X is invariant for P and Y,, = Xy_, is an MC with transition
probability P = P. We deduce that P and A are in detailed balance. The converse is equally

easy. O
Example 10.5. Consider
0 2/3 1/3
P=11/3 0 2/3
2/3 1/3 0

The invariant probability measure is 7w = (1/3 1/3 1/3) So P =P, the transpose of P, which
1s different from P: the chain is not reversible. In fact, in the long run, the chain moves clockwise.
Under time-reversal, it would run backwards.

Example 10.6. Let pe (0,1) and g =1-p. Consider the following Markov chain on {0,---, M }:

®
W
.

We try to compute the invariant probability measure by solving the detailed balance equation:
)\iPij = )\iji-
That is:

Vie {0, M -1}, \ip=DXinig
ViE{l,“‘,M}, /\iq=>\1‘_1p.
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So \; = Xg (’ql)l. This can be normalized to give an invariant distribution. So the chain is reversible.
To understand better what this means, assume that p is very close to 1. Then, the chain tends
to move to the right; and its time reversal to the left. But, we start at equilibrium, which is
concentrated near M : the chain spends most of its time near M, with occasional excursions to the
left. This behavior is symmetrical in time.

Example 10.7. Let G = (V,E) be a graph. The set V is the set of vertices. The set EcV xV
is the set of edges. Two vertices i,j are joined by an edge if (i,7) € E. The valency v; of a vertex
i 1s the number of edges at i. Assume that every vertex has finite valency. The random walk on G
chooses edges with equal probability. Therefore, the transition probabilities are given by

{1 if (i,§) € E

0 otherwise.

P..

ij

Assume that G is connected, so P is irreducible. Then, P is in detailed balance with
v=(v;,i€V).

If the total valency is finite:

U:Z'UZ‘<OO

eV
then ™ =v/o is an invariant probability measure and P is reversible.
Example 10.8. A random knight on a chessboard makes each permissible move with equal

probability. It starts in a corner. How long on average will it take to return to the same corner?
This is a random walk on a graph. We have

1 i
ET,-—=Y =

Te  jev Ve

The four corners have valency 2. The eight adjacent squares have valency 3. There are 4 x 4 + 4
squares of valency 4, and 4 x4 of valency 6. Finally the 4 x 4 central squares have valency 8. So

1
EcT, =5 (4+2+8%3+20%4+16%6+16 +8) = 168,

11 The ergodic theorem

We first recall a version of the strong law of large numbers.

Theorem 11.1. Let (Y;) be a sequence of i.i.d. non-negative random variables with EY; = p.

Then
Yi+--+Y,

n

P(

> no+oo p,) =1

Proof. If pu < oo, this is the standard law of large numbers with finite first moment. If p = oo, set
YN =min(Y;, N). Then

Vitot¥n YN o+ YN

n n

> pooo Emin(Yy, N).
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So, with probability 1,

Y+ +Y,
lim jnf 22~ " > Emin(Y1, N).
By the monotone convergence theorem, Emin(Y1, N) > n_o EY] = 0. O

Denote by V;(n) the number of visits in state ¢ before time n:
n—1
Vi(n) = Z ]1{sz11}~
k=0

Then V;(n)/n is the proportion of the time spent in state i.
Theorem 11.2. Let P be irreducible and let A be any distribution. Let (X,) be an MC(A, P).
Then

P( lim

n—o00

Vi) 1
n
where m; = E;(T;) is the expected return time to state i.

Proof. If P is transient, then the total number of visits in state i is almost surely finite:
P(V; < o0) = 1.

So

<—-=>0=—.
m;

Vi) Vi, 1
n n

Assume P is recurrent. For T = T;, we have (X,,r) is MC(§;, P) and P(T < o0) = 1. In addition,
(Xn+r) is independent of (Xo, -, X7). As the long-time proportion of time spent in 4 is the same

for (X,+7) and (X,,), we can assume without loss of generality that A = ;. Write Si(r) for the
length of the r-th excursion to state i:

7 =0, TV =inf{n>1+T": X, =i}
re{l2,}, SO =1 -1l
By the strong Markov property, the (SZ.(T),T > 1) are 4.i.d with mean
]ESZ(I) = E,Tz =my;.
We have
Si(l) ot Si(v"(”)_l) <n-1
Si(l) ot Si(vi(")) >n.

So:
SV 4y gD g g

3

< <
Vi(n) Vi(n) Vi(n)

As P is recurrent,
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So, by the strong law of large numbers, with probability 1
g 4. g(Vitn)

Vi)
Similarly,
Si(l) - Si(Vi(n)—l) ) Sz’(l) ot Sl,(vi(”)_l) Vi(n) -1
Vi(n) ) Vi(n) -1 Vi(n)
S——’
—m; -1
we deduce that
P(Vi(n) oo 1) b
n m;

O

Theorem 11.3. Let P be irreducible and positive recurrent. Let X be any distribution. Let (X,,)
be an MC(X, P). Then, for any bounded function f:I — R, we have

1 "= 1
P15 060 = 41m) -1
where 7 is the unique invariant distribution and

7T> = ZfﬂTz

iel

Proof. Without loss of generality, we assume that |f| is bounded by 1. Let J c I be finite. We
have

|1”21f<xk> Y (V(”) —m)m

el
Vi(n) Vi(n)
|z( w) eI (Y - )
ieJ i¢J
<Z|V(n Z(Vi(n)+m)::A+B.
ieJ i¢J n
As
2. Vi(n) + 3 Vi(n) =n,
ie igJ
we have v
B:Z’]‘(’Z‘—Z l(n)-ﬁ-Zﬂ'Z
iel ieg N igJ
Altogether,
A+Bs22|vi(n) —mil+2 Y
ie g
Fix now € > 0. We choose J such that .
Z T < —.
igJ 4
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By the previous result, with probability 1, there exists N = N(w) such that for all n > N:

€

ieJ 4

We deduce that )
1 n—

vn 2 N(w), \*Zf(Xk) ;T <€

12 Total variation distance

Let (X,,) bean MC()\, P) with P irreducible and aperiodic with invariant distribution 7. Question:
how fast does (X,,) converge to 77 We need a distance on probability measures to quantify the
rate of convergence.

Definition 12.1. Denote by P(I) the set of all probability distributions on I. The total variation
distance dpy : P(I) x P(I) - R, is defined by:

drv (p,v) = Zluz - vl
zEI
Proposition 12.2. The total variation distance satisfies
drv(p,v) = sup{Zf Dpi =Y, f@)v = suplf(i)] < 1}-
f iel iel iel
Proof. If sup;;|f(i)| < 1, then

Zf( i =3 f(i)vi

iel iel

< 7Z|,u(z —v(i)| = dpv (v, ).

Conversely, define:

Fa) - {1 if u(z) > v(x)

-1 otherwise.
Then

Zf(l)(u( ) —v(i))

ze]

*ZW( ) = v(@)| = drv (v, ).

LEI

S F@n0) - X 1)

iel iel

Lemma 12.3. We also have

drv(v,p) = Y (i —vi).

ielip;2v;
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PT‘OOf. Let A = Zie[:uiZVi (MZ - Vi) and B = Zie[:,ui<ui(yi - lu/l) We have A+ B = 2dTV(V7:U/) and
A—BZOSOA:CZT\/(Z/,/J). O

Theorem 12.4. The total variation distance satisfies:

dTv(,U,,l/) = ]P)(X¢Y)

inf
L(X)=p,L(Y)=v
The infimum is taken over all random variables (X,Y) defined on the same probability space
(Q,F,P) such that the distribution of X is pu and the distribution of Y is v.

Proof. Let f such that sup,;|f(¢)] < 1. Let (X,Y") such that the distribution of X is y and the
distribution of Y is v. We have

2 S @pi =3 f(vi =Ef(X) -Ef(Y) <E[f(X) - f(Y)| <2P(X #Y).

i€l i€l
And so dpy(v,p) < infzxy—p,cv)y-r P(X # Y). For the other side, it suffices to construct a
coupling (X,Y) for which P(X #Y") is equal to the total variation distance. For that, we force X
and Y to be equal as often as possible.

H I \_‘
[_”_IIJ% ‘III‘ ! \_‘\_\V‘ﬁ%

Consider the region III, bounded by min(;,v;). The area of region L'is ¥;.,,.5,, (1i—vi) = drv (v, p).
Similarly, the area of region II is dpy (v, ). As the area of I+ 111 =1 and the area of IT+ 111 =1,
we deduce that the area of IIT is 1 — dpy (v, u). Our coupling works as follows. We sample a
random variable uniformly in area I+III and X is set to be the abscissa of the selected point. If
the point is in III we set Y = X. Otherwise, we sample a new point in the area IT and set Y to be
its abscissa. More formally, let

p=> min(u;,v;) =1-dpy (v, p).
iel

We flip a coin with probability of heads p.

(a) If the coin comes up heads, we choose value Z according to distribution
Vi1 (i) = min(pi, vi)/p,
andset X =Y =27.

(b) Otherwise, we choose X according to distribution

(i) = e B ORSZ0)
0 otherwise .
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And we choose Y independently with distribution

- [ >
0 otherwise .

We have
pyrrr(i) + (1 =p)yr (i) = p(3)
pyrrr (@) + (1 =p)yrr(é) = v(i).

So the distribution of X is p and the distribution of Y is v. With this construction, we have
P(X=Y)=pandso P(X #Y)=1-p=dpy(v,un). This ends the proof. O

13 Rate of convergence towards equilibrium

Theorem 13.1. Assume that P is irreducible and assume that

Then the Markov chain has a unique invariant distribution ™ and
drv ((P")a., (P")y.) < (1= B(P))"
In addition, if (X,) is an MC(\, P), we have:
drv (L£(Xy),m) < (1= B(P))"dry (A, 7).
Proof. We proceed in the following steps.

Step 1. Fix x,y € I. We construct coupled Markov chains (that is, defined on the same probability
space), such that (X7) and (XY) are respectively M C(0,, P) and MC(6,, P) and such that
they become equal as quickly as possible. To construct the coupling, let (U, ) be a sequence
of i.i.d. random variables which are uniformly distributed on [0,1]. We also consider:

_infuer P2, 2)
)

This is a probability measure on I and we have
Viel, PZJZB(P)V(])

We set X§ =z and X =y. We then proceed recursively as follows. On {U; < (P)}, we
choose X{ = X7 ~v(dz). Moreover, on {U; > 3(P)}, we choose
P(z,dz) - B(P)v(dz)

= 1= 3(P)

And independently from this choice,

s Py.dz) - B(P)v(dz)
. 1-B(P) '
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Step 2.

Step 3.

14

We have:

P(XY = 2) =P(XT = 2 [ Uy < B(P))B(P) + P(XT = 2 | U1 > B(P))(1 - 5(P))
=v(z)B(P) + P(x,z) - B(P)v(z) = P(x,z).

Similarly, the distribution of X7 is P, .. If X{ # X}, we continue in the same manner, using
U, for the choice of X and X3, and so on. We stop at the first time:

Tcoupl = inf{n >0: be = X,g .

From that time on, we keep both trajectories together, evolving according to the tran-

sition probability matrix P. That is, for all n > Tio,p1, We set X7 = XY in such a way

that (X7 pl) is an MC(dxz  ,P), independently from the past up to Teoupl- By
coupl

+Tcou up
construction, we have

Teoupt < 7 =inf{n >1:U, < B(P)}.
Hence

drv (P, Py) <P(X; # X)) <P(r>n)=(1-8(P))".

We now consider arbitrary initial distributions v, u € P(I). We consider (Xp,Yp) an optimal
coupling between v, u. That is: P(Xy # Yy) = drv (v, ). We have from the construction
above:

dTV(‘C(Xn)a ‘C(Yn)) < P(Xn * Yn)
< Y P(X,#Y, | Xo=2,Y=y)P(Xo=2,Yy =y)

z,yel x+y

< ) P(Xp# X)P(Xo=2,Y9=y)

x,yel, x+y

< ; ) (1-B8(P))"P(Xo =2,Yo =y)
(1= B(P))"P(Xo + Vo).
Therefore, if (X,,) is an MC (v, P) and (Y,)) a MC(u, P) then
dry (L(Xn), L(Yn)) < (L= B(P))"drv (v, ).

The sequence £(XZ) is a Cauchy sequence in ¢1(I). As this space is complete, £(XZ)
converges to some limit 7. We verify easily that 7 is a probability measure on I and it is
invariant for P.

O

Markov Chain Monte Carlo

Given an irreducible stochastic matrix P, we have given conditions such that P has a unique
invariant distribution 7. We now consider the inverse problem. Given a probability distribution
7, can we find a stochastic matrix P such that 7 is the invariant distribution of the Markov chain
driven by P?
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Example 14.1. Let {1,-:,q} be a set of colors. Let G = (V,E) be a finite graph. A proper
g-coloring of G is a function x:V — {1, q} such that

(u,v) e E = z(u) = z(v).

Question: how to sample uniformly in the set of proper q-colorings? It is difficult, if not impossible
for large graphs to find the list of all valid q-colorings. Idea: construct a Markov chain taking
values on I = { set of all valid g-colorings } such that the invariant measure of this Markov chain
is the uniform measure on all proper q-colorings.

We shall see two different constructions: Metropolis and Gibbs. In both cases, one
constructs a Markov chain (X, ), such that for large n, £(X,,) is close to the target distribution
.

Metropolis’s algorithm

Let ¥ be any symmetric matrix on I. Therefore, ¥ is reversible with respect to the uniform
measure on I. Goal: modify ¥ to obtain a chain with invariant distribution 7. The chain works
as follows: when at state x, consider a candidate move y ~ U(x,-). Accept this new state with
probability a(x,y). With probability 1 -a(z,y), reject and the new state is equal to the previous
state x. Therefore, the new chain has transition probabilities given by

Ps.y) = U(z,y)a(z,y) ifr+y
W Yl zex Y(,2)a(z,2) ifz=y

This new chain has 7 as an invariant distribution if
Vo,yel,xzy, w(x)¥(z,y)a(z,y) =7(y)¥(y, v)a(y, z).
As ¥ is symmetric, this reduces to:
Ve,ye Lx+#y, w(x)alz,y) =w(y)aly, ).

We have a(z,y) <1 and a(z,y) < % We choose:

ax(z,y) = min(1, (y) .

m(x)

We verify that w(z)as(z,y) = 7(y)a.(y,x). Hence, 7 is the invariant probability measure of the
Markov chain with transition probability P. Altogether, we have

U(z,y) [1/\%] ife+y

I_Zzel,z:tac\p(xaz) [1/\ :E;;] ifCC:y

P(x,y):{

Remark 14.2. Importantly, the chain only depends on the ratio % In many cases of interest,
m is only known up to a normalizing factor, i.e. w(x) = @ where Z is impossible to compute,

as Z = ¥ h(j) and |I| is extremely large. We crucially don’t need to compute Z to run the
Metropolis chain.
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Example 14.3. Consider a very large graph G = (V,E). Let f:V - R be a scalar function.
Consider m\(z) = % As A goes to infinity, wx puts more and more mass to the points which

mazimize f. Indeed, let V* ={x eV, f(z)=f*=maxyey f(y)}. Then

A @) -7 Lypeys
lim 7y (z) = lim — = {wev )
A—00 A—o00 |V*| + Zer\V* )\f(y)_f |V*|

Our goal is to sample according to my. For simplicity, assume that G is a regular graph. So
the simple random walk on G has a symmetric transition matriz V(x,y). Then, the Metropolis
algorithm works as follows. Assume that X, = x. We choose a candidate state y uniformly among
the neighbors of x (y ~ U(x,-)). If f(y) > f(x) we accept y with probability 1. If f(y) < f(x), we
accept with probability N @W)=f ()

General base chain. We can adapt the Metropolis’s algorithm above when the initial
transition matrix ¥(z,y) is not symmetric. Let ¥ be an irreducible probability matrix on I and
let m be the target probability distribution. When at state x, generate y ~ U(x,-). Move to y
with probability

m(yY(y.x)
m(2)¥(z,y)

Remain at  with the complementary probability. The transition matrix P is:

) [F8eEpA1] ifrey

1—22,2#_.1\1](1’,2’) [%/\1] 1f.%':y

P(x’y):{

We verify that P and 7 are in detailed balance. Indeed, let = # y. Without loss of generality,
assume that

m(y)¥(y,z) <7(x)¥(z,y)
Then
m(z)P(z,y) =m(y)¥(y,2) = 7(y) P(y, z),
as U(y,x) =V (x,y).

Example 14.4. Suppose you know neither the vertex set V. mor the edge set E of a graph G.
However, you are able to perform a simple random walk on G. (Many computer and social
networks have this form; each vertex knows who its neighbors are, but not the global structure
of the graph.) If the graph is not regular, then the stationary distribution is not uniform, so the
distribution of the walk will not converge to the uniform distribution. We want to sample uniformly
from V. We can use the Metropolis algorithm to modify the simple random walk and ensure a
uniform stationary distribution. We have ¥(x,y) = ]lid(:éi’gf}. Therefore, given a neighbor y of x

chosen uniformly, we accept it with probability:

deg(z)
deg(y) " .

This biases the walk against moving to higher degree vertices, giving a uniform stationary distribu-
tion.
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Gibbs sampler

In many examples in MCMC, the state space is of the form

1= Hva

meA

where A is a finite set (the sites) and Sy, is a set of values for each site m. The elements of I
are called the configurations. Given a probability distribution 7 on a space of configurations, we
construct a Markov chain with invariant distribution equal to w. This chain is often called the
Gibbs sampler, especially in statistical contexts. We start with an example.

Example 14.5. A proper q-coloring of a graph G = (V,E) is an element x of {1,2,--q}V , the
set of functions from V to {1,-,q} such that x(v) # x(w) for all edges (v,w) € E. We construct
here a Markov chain on the set of proper g-colorings of G. Thus, here

[ =yt

Given a configuration x© and a vertex v, call a color j allowable at v if j is different from all
colors assigned to neighbors of v. That is, a color is allowable at v if it does not belong to
{z(w) | (v,w) € E}. Given a proper coloring x, we can generate a new coloring by

1. Select a vertex v eV at random.
2. Select at random a color j uniformly from the allowable colors at v.
3. re-color vertex v with color j.

Proposition 14.6. The resulting Markov chain has uniform stationary distribution over all the
proper q-colorings.

Proof. Transitions are only permitted between colorings differing at a single vertex. If two
colorings z,y agree everywhere except at v, then the probability to move from x to y is

I
V] [Ay ()]
where A,(x) is the set of allowable colors at v in configuration . We have A,(z) = A,(y)

therefore, P(x,y) = P(y,z). So P and the uniform measure on all the proper g-coloring are in
detailed balance. O

The Gibbs sampler is the following Markov chain. Let x € I be the current state. We first
choose a site m € A at random (for instance, choose a vertex at random). Then the new state is
chosen according to the measure 7 conditioned on the set of states equal to x at all sites different
from m. That is, given x € I and m € A, let

X(z,m)={yel|y(w)=az(w) for all w+m},
be the set of all states agreeing with x everywhere except possibly at m. Define then

(y) .
z,m o 5y e s if ye X(x,m)
T (y) =y | X(x,m)) =4 (X@m)
0 otherwise.
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This is the distribution 7 conditioned on the set X' (x,m). The rule for updating a configuration
x is: pick a site m uniformly at random and choose a new configuration according to #*™. For
x # y, the transition probability satisfies:

_ 1 7m(@)m(y)
’/T(.’E)P(x, y) "LZG:A |A| m {yEX(a: m)}.
Asye X(x,m) < x € X(y,m), we have
T)P) = T ot oy = () Pa.0).

Hence, the chain is in detailed balance with w. The Gibbs sampler is particularly useful in
Bayesian statistics. Instead of choosing the sites uniformly at random, we can also consider them
all one after the other.

15 Application to Bayesian statistics

Assume that you observe the outcome of n i.i.d. random variables Y = (Y;);e(1,..n) such that
Y ~ N(:U/> T_l )

The objective is to estimate the unknown parameters € R and 7 € R, based on the observations
Y. In Bayesian statistics, the main assumption is that the unknown parameters (u,7) are
themselves random variables. The law of (u,7) is assumed to be known. This law is called the
prior distribution. It encodes the prior knowledge on the parameters. For the sake of this example,
assume that:

(,LL7’7') NN(907¢61)F(a07ﬂ0)7

where the four parameters 6, ¢y, g, Bo are known. [| That is, we have:

o = 90)

P(pedu,7edr) <e role=homqudr,

We then wish to update our knowledge of (u,7) using the observation of the data Y. In other
words, we wish to compute

]P)([L,T € dﬂ’a dr | Y = (yl,"'ayn))'

This new probability measure is called the posterior distribution. Typically, we would like to
compute its mean and its variances/covariance. That gives the updated knowledge and uncertainty
about the parameters (u, 7). To compute the posterior distribution, one uses Bayes’ rule, which
states that

P(Y edy | p, 7)P(u, 7 e dp, d7)

IP(lu’vT € dILL7d7_ | Y= y) - P(Y c dy)

Therefore, the posterior distribution is:

P(/J,T € d/i,d’r | Y = y) oc 7_n/2 HEXP(_W) —¢o (= 90) 0= 1 7607_de7_
i=1

*We recall that the Gamma distribution is T'(«, 8)(dy) o< y*~te Y.
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This law is not of product form: for the posterior distribution, the two parameters u, 7 are not
independent but rather depend in a complicated way on the observations. However, if we only
compute the posterior distribution of a single marginal, then things are much easier. Indeed, we
have:

_ S (n-yi)?
P(redr |Y =y,p) ~T(ag+n/2,B0+ ), 5 )-
=1

In addition, using the identity

a(u-y)® +b(u-2)% = (a+b) (u— GZIZZ)Z + aafb(y—z)z,
we find that
P(uedu|Y =y, 7) ~ N(0n, 671,
where n
O, = ((bo@o +T;yi)/(¢0 +nT)
and

On = Po +NT.

To sample X = (u,7) according to the posterior distribution, the Gibbs sampler works as follows.
The state space is:
I=RxR, =57 x5,.

We first start with X distributed, say from the prior distribution Xo ~ N (g, #5" )T'(v0, Bo). Then,
at the k-th iteration, given Xy = (ug,7x), we first simulate pgy1 from P(ugyr € dp | Y, 7 = 71)
(which is easy as it is a scalar normal distribution). Then we simulate 74,1 with distribution
P(rk41 €d7 | Y =y, 1 = pig+1), which is easy as it is a scalar Gamma distribution. Finally, we set:

Xpr1 = (ﬂk+17 77c+1)~

Then (X}) is a Markov chain with invariant probability measure equal to the posterior distribution.
Therefore, we expect to have almost surely:

n—1
tim =S F(Xp) = [ F@PGuTedr | Y =y)

nTee N oo

Therefore, by the ergodic theorem, we can compute the mean and the variance of the posterior
distribution.

We have seen so far an example in dimension 2 (two unknown parameters). In practical
applications, the number of unknowns can be very large. Assume for instance that you have m xn
independent observations Y;;, i € 1---n, j € 1.--m normally distributed with means u; and common
variance 771, with:

pi ~ N (0o, ¢5'), 7 ~T (e, Bo)-
Write p = (1, tm ). The prior density is

(4, T) o< exp (—Q;O > (1 - 90)2) re0=le=PoT
j=1
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The posterior distribution is:

m(p, 7 | y) o< exp (_d;o > (1 = 90)2) exp (—T > 2 (i - uj)2/2) Foo=lmn/2g=for

j=1 i=1j=1

Therefore, one has:

7T(/J'j | y7T) N-N‘(ejm(by_bl)a 7T(T | yvﬂ) ~ F(O‘naﬁn)a

where
Ojn = (%90 +T iyu) [(¢o+nT), ¢y =co+nT
i=1

an =ag+mnf2, By =pFo+ i i(yij - ui)?/2.

i=1j=1

The parameter space is:

I=Rx--xRx[0,00).
———
m times

The Gibbs sampler works exactly as before. When m is large, the MCMC method is pretty much
the only option to sample according to the posterior distribution.

Example 15.1. This example is taken from the thesis of Leila Haegel. The goal is to estimate the
neutrino oscillation parameters, based on the T2K experiment. There are 6 oscillation parameters
and 751 nuisance parameters to estimate. The prior distribution on the 6 oscillation parameters is
chosen to be a product of the uniform measures to not induce a preference for certain values. The
prior on the 751 other parameters is a Gaussian distribution. You can therefore look at her thesis
to see a complicated, real world application of MCMC, to estimate the means and the standard
deviations of the parameters, as well as the correlations.
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